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PREFACE

The application of electricity to the mining industry is a distinctive area of both
mining engineering and electrical engineering. The difficult environment, the dynamic
power loads, the cyclic and mobile operation and stringent safety requirements that
characterize mining, all place unique demands on the mine power system. No other
industry makes such extensive use of portable extensible equipment or has such com-
plex grounding problems. Mine power systems can range from relatively simple in-
stallations for small surface mines to complex underground systems where the harsh
environment of dust, humidity, and cramped spaces stretches the ingenuity and crea-
tivity of the engineer to provide reliable service.

At the present time there is no up-to-date engineering text available that deals
specifically with mine power systems. This has created extensive difficulties for edu-
cators, industry engineers, and regulatory agency personnel. The need for a suitable
reference for students in mining engineering provided the main impetus for this book,
since the technician-level material that was in existence proved unsuitable for teach-
ing young engineers who have little practical experience.

The objective in preparing this manuscript was to assemble a single engineering
reference on mine electrical power systems that is as comprehensive as possible. Ear-
lier drafts of this material have been used successfully to instruct university students
in courses ranging from basic electrical engineering through power-system design. It
is felt, however, that the usefulness of this material extends beyond that of a student
text. While not intended to replace other electrical or mining references, this publica-
tion is also an indexed, reasonably comprehensive reference handbook for industry
engineers and training personnel, and a source of material for electrical engineers who
wish to expand their education into industrial power-system applications. Obviously,
there will be some omissions; to include all aspects of mine electrical systems in one
volume would approach an impossibility, but an attempt has been made to collect
together the most significant information, thereby providing the tools needed to con-
tinue a knowledgeable involvement in mine electricity.

This reference work is divided into three general content areas. Chapters 1 through
5 contain information considered elementary, chapters 6 through 11 deal with power-
system components, and chapters 12 through 17 contain specifics on mine power sys-
tems. A person familiar with electrical principals can use the earlier chapters as re-
view material, but all chapters contain material relevant to mining and discuss the
necessary combinations of equipment and components that should be contained in the
mine power system. Emphasis throughout is placed on coal mining systems, although
much of the material pertains to all mining operations. Both surface and underground
power systems are discussed, the latter in more detail since these are the more com-
plex systems and encounter the most problems.

This publication is a thoroughly upgraded and extensively revised edition of Bureau
of Mines Open File Reports 178(1)-82 and 178(2)-82, prepared under Bureau contract
J0155009 by The Pennsylvania State University. It contains new chapters, new illustra-
tions, and example problems that were not included in the original report.

The assembly of this material has been a major undertaking. Many industry,
academic, and Government agency personnel helped toreview and critique practically
every stage of draft preparation. The original report version was made available to
students taking the mine power-systems courses at The Pennsylvania State Univer-
sity, and their involvement was critical input to manuscript preparation.

The author is grateful to all the companies and individuals who contributed or
cooperated in this effort; so much information could not have been gathered without
their help. A special thanks is owed to the late Robert Stefanko. He originally perceived
the need for this text and provided guidance and encouragement throughout the proj-
ect that produced the original report version. Others deserving special mention are A.
M. Christman, R. H. King, J. A. Kohler, G. W. Luxbacher, T. Novak, J. N. Tomlinson,
F. C. Truit and D. J. Tylavsky. Each contributed directly to the text while on the fac-
ulty or staff at The Pennsylvania State University; acknowledgements for their con-
tributions are made in the individual chapters.
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MINE POWER SYSTEMS

By Lloyd A. Morley!

ABSTRACT

This Bureau of Mines publication presents a comprehensive review of mine elec-
trical power-system theory and practice. It discusses fundamental theory and the vital
aspects to be considered in planning and designing mine electrical power systems. The
report is divided into three major sections. The first presents the history of electricity
in mining and the fundamentals of electrical phenomena and components. The second
focuses on power-system components; motors, grounding systems, cables, and protec-
tive equipment and devices. The final section includes mine power-center equipment,
switchhouses and substations, batteries, and mine maintenance.
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CHAPTER 1.—ELECTRICAL POWER IN MINING

Probably no other mining area has grown so rapidly yet
been as little understood by the average mine worker or
operator as the mine electrical power system. Traditionally,
the field has held little interest for the mining engineer,
who has tended to avoid it, or for the electrical engineer,
who has given it scant attention. But today’s mine power
system is both complex and subject to numerous legal con-
straints, and it is no longer possible to treat it with the
indifference of the past.

Underground mining machines are among the most
compact and rugged equipment over designed, and individ-
ual units can have up to 1,000 total horsepower. Mining
equipment is usually mobile and self-propelled; most is
powered electrically through portable cables and, for safety,
must be part of an elaborate grounding system. The ma-
chines and power-distribution equipment are seldom sta-
tionary, must be adapted to continuous cyclic operation, and
must resist daunting levels of dust and vibration.

Surface mining can involve the largest earth-moving
equipment built, where one piece can have 12,000 or more
connected horsepower—the largest today is over 30,000 hp.
The electrical loads created by this machinery are cyclic
and extremely dynamic: the largest excavator, for exam-
ple, can require electrical loads that range from 200%
motoring to 100% generating every 50 to 60 s, under the
most exacting physical conditions. In the ever-moving min-
ing operation where distribution of power must be con-
stantly extended and relocated, subjected to abuse by
machine and worker alike, the potential for safety hazards
is always present.

Engineering and maintaining such an electrical system
is demanding and challenging. It requires a specialist with
knowledge of both mining and electrical engineering. Yet
conversely, the effective management of a mine requires
that anyone responsible for production and safety also be
conversant with the mine electrical system. Management
should understand the advantages and disadvantages of one
system over another, for if the power system is poorly de-
signed, not only will safety be compromised but the mine
operator will pay for the resulting conditions with high
power bills, high-cost maintenance, and loss of production.

Too often, a new mine is designed to use the type of
power system employed in the preceding mine, without a
comprehensive power study to determine the system needs
and examine the alternatives available. Problems arise in
existing mines when new mining equipment has been
adopted without due regard for its impact on the operating
power system; these problems haunt the mine electrical
engineer who must frequently cope with a system that is
a mongrel, bred from diverse inheritances from the past
combined with recent changes and additions. New laws,
standards, and safety requirements must frequently be
accommodated by power systems not originally designed
to meet their specifications; new and unfamiliar equipment
must be grafted to the existing network, and the result can
be a hybrid of considerable complexity. This text has been
produced to assist the power engineer and the student in
understanding these complexities and the principles that
lie behind them.

The material presented here is structured so an indi-
vidual unfamiliar with electrical engineering can first
develop the necessary fundamentals before embarking into
mine electrical design. A basic physics and caleulus knowl-

edge is necessary to understand the content completely. The
goal has been to assemble the most significant information
required for comprehension of mine power systems so that
the reader may then progress to more specialized topics. But
first, a brief review of the development of electrical usage
in mines is given, in order that the reasons for some of the
peculiarities of mine power systems can be appreciated.

MINE ELECTRICAL HISTORY

Electricity was first introduced into coal mines shortly
before the beginning of the 20th century in the form of di-
rect current (de) for rail haulage. This form of current was
used because at that time most systems were powered by
dec generators. It had a number of advantages for haulage;
the most outstanding was that the dc series-wound motor
had {and has) excellent traction characteristics. Speed con-
trol was a simple matter of placing a resistance in series
with the motor armature or field circuits.

Batteries served as the first power source, and hence
the vehicle was extremely mobile even though constrained
on rails. However, keeping the batteries charged was both-
ersome, so trolley wires were soon introduced in several
mines. Allowing the trolley wire to act as one conductor and
the rail as the other provided the simplest form of power
distribution yet known to the mining industry. Available
haulage machinery of that period was low in horsepower
and the mines were relatively small so the increased resis-
tance that reduced voltage and power supplied to the motors
was still acceptable. Thus, the dc system at a voltage of 250
or 550 V became firmly entrenched in coal mines.

Underground Mine History

Underground, the first electrically driven coal mining
machine, the coal cutter, was installed in the early 1920’s.
Although dc offered no special advantage, it was readily
available; hence, the machine was equipped with a dc motor
and added to the system. The cutter was followed almost
immediately by the loader, and it too was driven by dc
motors. If there was rail haulage in the mine, trailing cables
supplied power from the trolley wire and the rail to the
machines.

The next significant increase in power consumption
came with the introduction of the shuttle car, almost 20 yr
after the coal cutter. Actually, when the shuttle car was
first invented in 1937, it was battery powered. The addi-
tion of an automatic reeling device to handle a trailing cable
came later, in an attempt to overcome battery deficiencies.
These trailing cables were also connected to the haulage
power system, and this equipment, when combined with the
cutters and loaders, placed additional stress on the dc
distribution system.

At that time, the horsepower required to operate each
piece of electrical mining equipment was quite small and
no individual machine used a large amount of current.
However, when all machines were combined, significant
power was required, and because all the conductors offered
resistance, voltage drops and transmission losses in the
distribution system were extensive. Alternating current (ac)
would have been more practical because it could have been



distributed easily at a higher voltage, thereby reducing cur-
rent, voltage drops, and transmission losses. But many
States had stringent limitations on maximum voltage
levels, usually around 300 V, and with this restriction ac
had no advantage over dc. Hence, dc continued to be used
to operate the successful combination of cutters, loaders,
and shuttle cars.

Development in ac-to-dc conversion equipment played
an important role in underground coal mine power utiliza-
tion throughout this period. Motor-generators or synchron-
ous converters were originally employed for conversion pur-
poses, but in addition to being heavy and bulky, they could
not be operated effectively in a gassy and dusty atmosphere,
and maintenance requirements were substantial. As a re-
sult, most conversion installations were placed on the sur-
face with borehole connections to the underground mine.
This was acceptable as most mines were then relatively
shallow.

In the 1930’s, the same decade that saw the inception
of the shuttle car, mercury-arc-ignition rectifiers began to
be employed to provide dec underground. The arc tubes al-
lowed more efficient use of electricity in deeper and larger
mines than had previously been possible. As the tubes had
no moving parts, maintenance was lower, efficiency was
higher, and portability was improved. These rectifiers were
usually centrally located in the mines because a liquid heat
exchanger made them heavy and bulky. In this way, dis-
tribution to the mine rectifier was ac, but distribution
throughout most of the mine electrical system was still de.
At about the same time, some mines found that haulage
of materials by conveyor could be more efficient than haul-
age by rail. The conveyors were also powered by de motors,
and stress continued to be added to the electrical system.

In the late 1940’s, when continuous mining machines
first began to be used extensively, dc was again expected
to provide the power. However, the continuous miners nor-
mally needed more energy input than the sum of the various
conventional mining equipment they replaced, and because
the required horsepower created high current demand, de
was found to be entirely unsatisfactory in most cases. The
attendant current demand created enormous voltage drops
in the distribution system. As a possible solution, the dc
supply system was separated from the haulage system, but
eventhis was unable to improve voltage regulation. During
peak operation periods, voltages at the machines were so
far below the values called for that even moderate efficiency
was impossible. The increasingly large cable sizes required
to supply the needed power created difficult cable-handling
problems. The use of three-phase ac distribution and motors
was an obvious answer, but for at least a decade some min-
ing companies were reluctant to make the change. In many
instances this was because the laws in some States limited
maximum voltages in the mine. Lawmakers were convinced
that high voltages were synonymous with high safety risks.
Some State laws were not updated until the mid 1960's.

When higher voltages were finally permitted, the de-
sirable economics of ac employment could be realized and
there was a swift transformation from de to ac for both
distribution and high-horsepower loads in underground coal
mines. Unfortunately, many mine electrical systems were
at least partially modified without concern for the compat-
iblity of these changes with the remainder of the system,
and various safety and production problems arose.

As a result of conversions, mine power systems gener-
ally had two voltage levels, one for distribution and one for
utilization. The simplified mine electrical arrangement

shown in figure 1.1 illustrates the results. Here, the sub-
station transforms the utility voltage down to distribution
levels, which are most often at high voltage greater then
1,000 V. Power at this voltage is transmitted or distributed
through conductors from the substation to the power center;
hence, this system is called the distribution system. The
power center or load center, actually a portable substation,
transforms the voltage to utilization levels, which are
typically at low voltage of 660 V or less, or medium vol-
tage of 661 to 1,000 V. At this level, or face voltage, power
is normally delivered to the equipment. Despite this ref-
erence to voltage levels, it should be noted that distribu-
tion and utilization describe functions of a power system
segment, not specific voltage ranges.

Originally, primary ac distribution was made at 2,300
or 4,160 V. In most mines, these levels were later increased
to 7,200 V. Some operations recently increased the voltage
to 12,470 or 13,200 V for both longwall and continuous-
mining applications. Each new distribution voltage, it may
be noted, is a factor of /3 times the previous value
(v 3(2,300) = 4,160). The principal reason for increasing the
voltage was that, for the same load, current would be cor-
respondingly smaller, and lower distribution losses would
result even though the same conductor sizes were used.

From the beginning, 440 Vac was the most popular
voltage for utilization, despite the fact that when the con-
finous miner proved so successful its horsepower was pro-
gressively increased, following the sometimes misguided
notion that a directly proportional increase in coal produc-
tion would follow. As with de, the additional horsepower
resulted in an increase in trailing-cable sizes, until the
weight of the cables was almost more than personnel could
handle. To compensate, the most common move was to raise
the rated motor voltages to 550 Vac. More recently, manu-
facturers have produced machines with 950-V (550 /3)
motors to further overcome the trailing-cable problems.

While these changes were being made to ac for machine
operation and distribution, the use of dc for haulage con-
tinued to be advantageous. In the early 1960’s, silicon diode
rectifiers with large current capabilities became available.
Simple, efficient, and small, these rectifiers were ideally
suited for use underground and made ac distribution possi-
ble for the entire electrical system except rail haulage.
Through the use of rectifiers, the benefits of de for traction
and of ac for distribution and utilization on high power loads
could be realized. For example, while continuous miners
normally used ac, part of the supply at the power center
was rectified to dc, primarily for powering the shuttle cars.

These underground electrical systems appeared to be
simple, and as a result they did not become the focus of at-
tention for some time. Systems were frequently designed
and maintained by a “seat-of-the-pants” approach, to the
point that ac distribution and equipment were installed

Mty Substation  Switchhouse fé’,‘,’#ﬁﬁ
To the
C 1 loads
Distribution || Utilization
voltage voltage
— . _
Transmission Distribution Utilization

Figure 1.1.—Simple mine electrical system arrangement.



empioying dc concepts. However, ac systems are more com-
plicated than dc systems and call for meticulous planning;
if wrong decisions are made, the results can be extremely
costly in terms of safety, production, and economics. A great
deal of effort is needed to maintain an electrical power sup-
ply within the requirements of the individual pieces of
mining equipment, and mixing ac and dc in the same mine
has added greatly to the problems.

This brief review of the development of electrical sys-
tems in underground coal mines has shown that the mines
went from minor electrical usage with the introduction of
rail haulage to almost total dependency on electricity in a
period of 50 yr. In the same period, surface coal mining
underwent changes that were as substantial if less numer-
ous. They were centered around the enormous growth in
equipment size.

Surface Mine History

The first mechanization of strip mining occurred in 1877
with the application of an Gtis-type steam shovel in a Pitts-
burg, KS, mine (5).* This early attempt was somewhat un-
successful, but it served as an important step in the evolu-
tion of strip-mining machinery. Several successful attempts
to use steam shovels and draglines were made in the next
30 yr, and these proved that the surface mining of coal was
completely practical. In time, the advantages of electricity
over steam became more apparent, and the first significant
introduction of electric-powered shovels was made in the
early 1910’s.

Whereas dc series motors were universally employed
in underground rail haulage, the first large motors used
in surface mining were de shunt wound because of their
constant-speed characteristics. These motors almost directly
replaced the single-speed steam engine found on practically
all shovels prior to that time and allowed an immediate
reduction in work force requirements. Before long another
important advance in shovel design occurred: the applica-
tion of separate steam engines to power the shovel motions
of hoist, crowd, and swing. This change gave increased
flexibility through the individual control of each operation.
In a short time, the two major shovel manufacturers of that
era, Marion and Bucyrus, began to produce both steam and
electric multimotor shovels with similar characteristics (5).
Since series-wound de motors had speed-torque relationships
similar to those of steam engines when they were used for
this type of duty, they were employed to drive each shovel
motion,

The initial distribution for electric shovels was dc be-
cause of the nature of the power generation, but technolog-
ical advances soon made ac power systems superior, and
ac motors were tried with some success. However, by 1927,
ac-dc motor-generator (in-g) sets and the invention of the
Ward-Leonard control concept caused these efforts to be
abandoned. The new control system enabled the motor
characteristics to be modified as desired within the motor
and generator commutator limits, and as a result,
separately excited dc motors became more attractive than
series-wound motors. The m-g sets functioned as on-board
power-conversion units, thereby establishing the use of ac
distribution in surface mines.

Motor-generator sets driven by synchronous or induc-
tion ac motors, Ward-Leonard control, and separately ex-

Ttalicized numbers in parentheses refer to items in the liat of references
at the end of this chapter.

cited de motors established the standard, and even now the
combination is used on most mining excavators, especially
the larger varieties (2). On smaller machines, some single
ac electric-motor drives with either mechanical-friction or
eddy-current clutch systems have evolved, but these are
often driven by diesel engines.

Present excavating equipment is generally classified
into three size groups, although actual capacity ranges are
normally not assigned. Small shovels are used primarily
in general excavation, while the intermediate types work
at bench mining and coal production, and large shovels han-
dle overburden stripping. Draglines of all sizes are used only
for stripping. Small and intermediate equipment originally
ran on rails, but crawler mountings that give improved
mobility made their first appearance in 1925 (5). Today,
small and intermediate-sized shovels and draglines are
mounted on two crawlers, while large shovels have eight
crawlers {2). Large draglines and some intermediate sizes
are usually walking types that feature a circular base or
tub that provides low ground-bearing pressure and a walk-
ing device for mobility.

The design of surface mine drilling equipment paral-
leled excavator development. Initially, most drills were
pneumatic-percussion types, but because electricity was
readily available in mines, some machines were designed
with internal motor-driven compressors. By the early
1950’s, large rotary drilling equipment was necessary to
satisfy the blasting requirements of thick, hard overbur-
den (5). This drilling equipment was again electrically
powered and was very successful.

The most outstanding change that has taken place in
electrically powered surface mining equipment has been in
connected horsepower. For example, a 25-yd® dragline or
stripping shovel that had a maximum total load of around
2,000 hp was considered enormous in the late 1940’s (5, 9).
By 1955, 50- to 70-yd® excavators were being manufactured
with maximum horsepower at 4,660 hp. Five years later,
shovels had reached a 140-yd® capacity wth 12,000 hp of
main drive motors (7). In 1976, the largest excavator in
service had 20,000 hp in m-g set drive motors (4).

Distribution and utilization voltages also increased to
keep pace with the peak load demands of this machinery.
Sometimes the mine distribution and machine voltages for
these excavators remained the same. Until the mid-1950’s,
4,160 and 2,300 V were the usual mine levels (9). Then, with
the advent of larger concentrated loads, 7,200 V was con-
sidered advisable (10). However, this level was found to be
unsatisfactory for the newly introduced machines with a
capacity larger than 100 yd*, and so 13,800-V mine and
excavator voltage became a standard. With machines hav-
ing greater then 200-yd® capacity, 23,000-V utilization was
established (4), but even with these substantial increases
in distribution, some loads up to 1,000 hp continued to be
driven at 480 V (10). Production shovels with loads up to
18 yd® commonly stayed at 4,160 and 7,200 V, while in
general, 4,160 V became standardized for machinery with
1,500 hp or less. As a result, more than one voitage level
could be required at a mine when excavators of different
sizes were employed.

MINE POWER EQUIPMENT

A few pieces of power equipment have already been
mentioned but only to the extent necessary to describe the
concepts of distribution and utilization. The evolution of



mine systems has resulted in major items of power appa-
ratus, each serving a specific function (1,9). In general, they
can be listed as

* (Generation,

® Main substations,

* Portable and unit substations,

* Switchhouses,

¢ Distribution transformers and power (or load) centers,
and

Distribution {(conductors and connectors).

The following paragraphs explain these components
only in sufficient detail for their inclusion in system ar-
rangements to be understood. More detailed descriptions
of substations, switchhouses, and power centers are pre-
sented in chapters 12 and 13, while chapter 8 is devoted
to distribution. Power generation is beyond the scope of this
text, but Ehrhorn and Young (1.3) provide a thorough discus-
sion of generation related to mining.

Substations

It is common mining practice to purchase all or most
power from utility companies if it is available. As utility
voltages usually range from 24 to 138 kV, a main (primary)
substation is required to transform the incoming levels
down to a primary distribution voltage for the mine. In ad-
dition to having the transformer, substations contain a
complex of switches, protection apparatus, and grounding
devices, all having a function in safety. Main substations
are often permanent installations. The nature of the min-
ing operation and its power needs dictate how many main
substations are required and where they should be placed.
They may be owned by the utility or the mining company;
the decision of ownership is commonly dependent on eco-
nomics. However, if the total connected load is greater than
1,000 hp, mine ownership is often more favorable (13).

Portable and unit substations are similar in operation
to main substations except they serve to transform the
primary distribution voltage to a lower distribution level.
The term “unit” means that the substation and power
equipment are designed and built as a package. In a typi-
cal strip-mining deployment, a large dragline may require
24 kV while the production shovels and other mining equip-
ment need 4,160 V.

Switchhouses

Switchhouses are portable equipment that protect the
distribution circuits. Their internal components are chiefly
protection devices, with circuit deenergization performed
by disconnect switches, oil circuit breakers, or vacuum cir-
cuit breakers. The switchhouse may contain more than one
complete set of devices, for instance, a double switchhouse,
which can independently protect two outgoing circuits. This
category encompasses disconnect switches, which are power
equipment containing only manual devices, with the prime
function of allowing mine power to be removed from the
main supply.

Power Centers
At the outermost distribution points there are power

centers and distribution transformers, which transform and
convert the distribution voltage to utilization levels. In-

cluded here are ac to dc conversion equipment or rectifi-
ers, which convert the distribution voltage to dc for use on
rail trolley and other systems. The power center, also
termed a load center, usually implies an internal bus, which
is defined shortly, in the section, “Radial System.” In
essence, these are all portable substations, and as with
switchhouses, each outgoing circuit has its own set of in-
ternal protection components. However, an individual unit
may supply from 1 to as many as 20 machines. Power
centers can be considered the heart of an underground min-
ing section power system. In surface mines, power centers
supply power to low-voltage auxiliary machinery and loads;
there may be no need for this equipment with the primary
mining machinery.

Distribution Equipment

This category of major power equipment is often referred
to as the weakest link in the mine power systems. It en-
compasses all the overhead powerlines, cables, cable cou-
plers, and trolley lines used to carry power and grounding
between the power equipment and eventually to the loads.
The conductors are usually called feeders when they are part
of distribution; at utilization, when connected to portable
mining machines, they are called trailing cables.

BASIC DISTRIBUTION ARRANGEMENTS

The basic distribution arrangements available for in-
dustrial applications are radial, primary selective, primary
loop, secondary selective, and secondary-spot network (5).
Radial systems are the most popular arrangements in min-
ing, though other configurations can be found where special
circumstances call for greater system reliability (3). Sur-
face mines have, of course, greater flexibility than
underground mines and employ a wider range of distribu-
tion arrangements, Secondary-spot networks, which are the
most popular system for large facilities in other industries,
are uncommon but could be applied to preparation and mill-
ing plants. The following descriptions of the main distribu-
tion patterns are based on the Institute of Electrical and
Electronics Engineers (IEEE) definitions (6). This institute.
the leading national professional electrical organization,
sets standards and recommended practices that are inter-
nationally renowned for their correctness.

Radial System

Figure 1.2 shows radial distribution in its simplest form.
Here, a single power source and substation supply all equip-
ment. The single vertical line represents one connection
point for all feeders, or all connecting lines, and is termed
a bus. Voltage along the bus is considered to be constant.
Radial systems are the least expensive to install as there
is no duplication of equipment, and they can be expanded
easily by extending the primary feeders. A prime disad-
vantage is tied to their simplicity; should a primary com-
ponent fail or need service, the entire system is down.

An expanded radial system, the load-center radial, is
illustrated in figure 1.3. As in figure 1.1, two or more volt-
age levels are established, but the feeders form a treelike
structure spreading out from the source. This sysiem has
the advantages of the simple system and several others too.
If the load centers or distribution transformers are placed
as close as practical to the actual loads, most distribution
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will be at the higher voltage. This allows decreased con-
ductor investment, lower electrical losses, and better voltage
regulation.

Primary-Selective System

The primary-selective system (fig. 1.4) adds downtime
protection through continuity of service. Each substation
can receive power by switching from either of two separate
primary feeders. Each feeder should have the ability to
carry about 80% of the load, so that one feeder can accept
a temporary overload (10) and provide continued operation
if one source should fail. During normal service, each
feeder should handle one-half of the load. The system is
simple and reliable but costs are somewhat higher than for
the radial system because of the duplication of primary
equipment.

Primary-Loop System

Though found in some mines, the primary-loop system
(fig. 1.5) is not considered good practice. It offers the advan-
tages and disadvantages of the primary-selective system
and the cost can be slightly less, but this configuration can
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result in dangerous conditions when a primary feeder fails.
For instance, a failed portion can be energized at either side,
creating an extreme hazard to maintenance personnel.

Secondary-Selective System

In a secondary-selective system, a pair of substation
secondaries are connected through a normally open tie cir-
cuit breaker as shown in figure 1.6. The arrangement al-
lows greater reliability and flexibility than do the preced-
ing techniques. Normally, the distribution is radial from
either substation. If a primary feeder or substation fails,
the bad circuit can be removed from service and the tie
breaker closed either manually ¢z automatically. Mainten-
ance and repair of either primary circuit is possible with-
out creating a power outage, by shedding nonessential loads
for the period of reduced-capacity operation. Other methods
that can be used to provide continuity of service include
oversizing both substations so that one can carry the total



load, providing forced-air cooling to the substation in serv-
ice for the emergency period, or using the temporary over-
load capacity of the substation and accepting the loss of com-
ponent life (6). Economics often justify this double-ended
arrangement if substation requirements are ahove 5,000
kVA. Note that the substation capacity or ability to trans-
form power is rated in kilovoltamperes.

Secondary-Spot Network

In the secondary-spot network, two or more distribution
transformers are supplied by separate primary-distribution
feeders as illustrated in figure 1.7. The secondaries are tied
together through special circuit breakers, called network
protectors, to a secondary bus. Radial secondary feeders are
tapped to the bus and feed the loads. This arrangement
creates the most reliabie distribution system available for
industrial plants. If a failure occurs in one distribution
transformer or primary circuit, perhaps by acting as a load
to the bus, its network protector can quickly sense the
reverse power flow and immediately open the circuit. Total
power interruption can occur only with simultaneous mis-
haps in all primary circuits or a secondary-bus failure.
However, this type of system is expensive, and the relia-
bility gain is not warranted for the majority of mining
applications.

It may be obvious that these basic distribution tech-
niques can be combined into hybrid systems. When this is
done, there can be confusion about what is primary or
secondary. Ordinarily, the subsystems are defined by the
specification of the substations. This will be demonstrated
in the next two sections.

UTILITY COMPANY POWER

As utility companies are the principal power source for
mines, an understanding of utility system power transmis-
sion and distribution is important. Often this system greatly
affects the power available to the mine, including voltage
regulation, system capacity during power failures in the
mine, and overvoltage occurrences.
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Figure 1.6.—Secondary-selective system.

In a nearby substation, power from a generating sta-
tion is transformed up to a transmission voltage, commonly
69,000 V or more (6). This power is carried on transmission
lines to major load areas, either supplying large industrial
users directly or powering the utility’s own distribution
substations. Distribution substations step the voltage down,
this time to a primary-distribution level ranging from 4,160
to 34,500 V, but most often at 12,470 or 13,200 V (6). These
stages are illustrated in figure 1.8.

The utility service, therefore, can be any of the follow-
ing standard values, in kilovolts: 138, 115, 69, 46, 34.5, 23,
13.8, 12.47, 6.9, 4,800, 4.16, and 2.4 (13). Generally, the
delivered voltage ranges trom 23 to 138 kV, but other values
such as 480, 2,300, and 7,200 V are also found. What is
available to the mine depends on whether the possible con-
nection is to the power company transmission system, a
primary-distribution system, or a distribution transformer,

It is the responsibility of the mining company to select
that voltage best suited to its needs. Primarily, the choice
depends on the amount of power purchased. It is not safe
to assume that the power company has the capability
to serve a large mine complex from existing primary-
distribution lines or even from the transmission system. The
problem stems from the fluctuating nature of mine loads.
For example, large excavators in surface mines can require
high peak power for a short time, followed by regenerative
peak power, cycling within the span of 45 s. The fluctuat-
ing load may create voltage and frequency variations be-
yond the limit set for other utility customers. Accordingly,
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most large draglines and shovels require power from 69-
to 138-kV transmission systems to get adequate operational
capacity, and the construction of several miles of trans-
mission equipment can result in a sizable cost for the mine
budget.

Regardless of where the main mine substation is tied
into the utility complex and who owns that equipment, its
outgoing circuits will here be termed the mine primary-
distribution system or just distribution. The incoming power
will most often be referred to as a iransmission system.

The following sections identify the main types of mines
in the United States, classify the major equipment em-
ployed, and describe the power-distribution arrangements
that are found in them. Of necessity this can be only a very
brief overview, but it is designed to indicate the problems
and complexities that can arise in mine power distribution
and utilization. Individual topics mentioned here are ex-
panded in detail in later chapters.

SURFACE MINING

Surface mining methods are selected over underground
methods when the overburden, the earth above the coal
seam, can bhe removed economically to expose the coal.
Productivity, safety, and economics usually favor surface
mining of seams less than 150 ft deep. Surface coal mining
consists of four basic operations: overburden removal to ex-
pose the coal, coal loading, haulage, and reclamation. The
mining method is generally classified according to such
physical characteristics as topography or land contour, over-
burden thickness, coal thickness, number of coal seams, type
of overburden, fragmentation characteristics of the over-
burden, climate, and hydrology. The mining method is also
affected by Federal and State requirements. The mining
method selected must protect the health and safety of the
workers and minimize environmental disturbance and be
designed for the specific set of prevailing physical condi-
tions. The major surface mining methods for coal are con-
tour mining and area mining.

Contour mining methods are commonly used in rolling
or mountainous terrain; they are called contour mining
because overburden removal progresses around the hillside
at the coal seam horizon such that the pit resembles a con-
tour line. There are many varieties of contour mining, but
in all methods overburden is fragmented by drilling and
blasting, and removed to expose the coal seam. The over-
burden may be removed by small diesel or electric drag-
lines, or by diesel-powered front-end loaders and trucks. In
soft overburden and for topsoil removal, scrapers and bull-
dozers may be used.

Area mining is the predominant stripping method in
more level terrain. As its name implies, area mining can
cover an extensive region, using various box-cut or strip pit
and benching techniques. It may be used to mine both thick
and thin seams, or multiple seams; where these seams are
dipping, area mining is modified to approximate the open
pit methods common in metal mining. In all cases, over-
burden handling and reclamation are an integral part of
the process. Equipment varies, depending on the scale
of the operation, from small draglines and dozers to
massive equipment that has more than 30,000 connected
horsepower.

In general, the magnitude of electrical distribution and
utilization is greater in area mining than in contour min-
ing. Combination of equipment employed in large multi-
seam operations may include tandem draglines, dragline

and shovel, pan scrapers with attendant dozers, and drag-
line and bucket-wheel excavators. Bucket-wheel excavators
can be very effective where overburden is soft and does not
require drilling and blasting. Front-end loaders, electric and
diesel shovels, ripping dozers, and tracked highlifts can all
be combined with truck haulage for coal removal.

POWER SYSTEMS IN SURFACE MINES

Mine power systems can be divided into three categories,
depending upon the purpose of a specific portion:

1. Subtransmission,
2. Primary distribution (or distribution), and
3. Secondary distribution (or utilization).

Often, if a subtransmission system is needed, it will have
the same general arrangement in any mine. At distribu-
tion and utilization, power-system installations can vary
greatly, but in some mines distribution and utilization can
be the same system. Electrical installations in surface coal
mines are regulated under 30 CFR 77 (i4).

Main Substations and Subtransmission

Main substations may range from 500-kVA capacity,
supplying 480 V for only pumps and conveyors, to 50,000
kVA, servicing a large strip-mining operation and prepara-
tion plant (10). The substation location is usuaily an eco-
nomic compromise between the cost of running transmis-
sion lines and power losses in primary distribution. From
the main substation, power is distributed to the various
centers of load in the operation. However, individual loads
or complexes, such as preparation plants and other surface
facilities, may have large power requirements or be 50 iso-
lated that primary-distribution operation is not practical.
In these cases, or for safety reasons, incoming utility trans-
mission should be extended close to the load. The extension
is designated a subtransmission system, and the conductors
are usually suspended as overhead lines (13).

As shown in figure 1.9, subtransmission commonly re-
quires a primary switchyard of high-voltage switching ap-
paratus for power tapping. Branch circuits are fed through
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circuit breakers to protect the subtransmission line and the
utility’s system. Dual-bus configurations are employed if
primary-selective or secondary-selective distribution is de-
sired on major load concentrations to provide high reliabil-
ity. This additional subtransmission circuitry is illustrated
in figure 1.9 by dashed lines.

Subtransmission circuits, primary switchyards, and
main substations are almost always permanent installa-
tions located in areas unaffected by the mining operation.
The main substation is where the grounding system for the
mine is established. This ground is carried along the
powerlines through overhead conductors or in cables and
is connected to the frames of all mobile mining equipment.

Surface Mine Distribution

Mine power distribution, in its simplest radial form, has
already been shown to consist of a substation, distribution,
and a power center feeding the mining equipment. The ar-
rangement is very common in small surface operations
where the distribution voltage is commonly 4,160 V but
can be 2,300 V in older equipment. In the smallest mines,
power is purchased at low-voltage utilization (often 480 V)
and fed to a distribution box to which motors and equip-
ment are connected. At times, simple radial distribution is
employed in large surface mines where only one machine
must be served or an extensive primary-distribution net-
work cannot be established, as in some contour operations.

The great majority of strip mines employ radial distribu-
tion, but secondary-selective and primary-loop designs can
also be found. Simplified examples of the three systems are
provided in figure 1.10 to 1.12. In all configurations, a por-
tion of the primary distribution is established at a base line
or bus. The base line is usually located on the highwall,
paralleling the pit for the entire length of the cut. Its loca-
tion is typically maintained 1,600 ft ahead of the pit, and
it is moved as the pit advances (3). Distribution continues
from the base line to the mining equipment, with the con-
nections maintained at regular intervals. As the machines
move along the pit, the base-line connections are changed
to another convenient location.

The base line can consist of overhead polelines or a
cable-switchhouse configuration, figures 1.13 and 1.14 (3).
It can be seen that cable distribution brings power into the
pit area, where shielded trailing cables connect to the ma-
chines. The overhead poleline plus cable arrangement is
common in older mining operations, especially when utiliza-
tion is at 7,200 V or less (3). Typical spacing between poles,
or line span, is 200 ft. Drop points are noted in figure 1.13
by triangles. These are terminations between the overhead
conductors and the cables, mounted about 8 ft above the
ground on poles spaced at regular intervals of around 1,000
to 1,500 ft.

Cables connected to the drop points deliver power to
skid-mounted switchhouses located on the highwall or in
the pit. The switchhouses may contain manual disconnect
switches, which are commonly termed switch skids or
disconnect skids, automatic circuit-protection devices or
breaker skids, or a combination of both. The skids can either
be boat design with flat bottoms or have fabricated runners,
depending upon the allowable bearing pressure of the mine
terrain. Couplers or plug-receptacle pairs are commonly
used for both feeder and trailing-cable connections. Discon-
nect and circuit-protection functions are required for each
distribution load, and double switchhouses (two-breaker
skids) are frequently employed for two loads. Unit substa-

tions often contain internal circuit protection on the incom-
ing side, and thus do not require a breaker skid.

Trailing cables are usually 1,000 ft in length, although
lengths to 2,000 ft can be found. When longer cables are
necessary to reach a breaker skid, in-line coupling systems
can be used, and these are commonly mounted on small
skids for easy movement. Trailing-cable handling for strip-
ping equipment is often assisted by cable reels mounted on
skids or self-propelled carriers. Large excavators can require
the self-propelled variety.
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Figure 1.10.—Radial strip mine distribution system.
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The layout for an all-cable mine distribution, figure 1.14,
is very similar to that just described. In this case, how-
ever, the base line is assembled using cable-interconnected
switchhouses. As noted in the illustration, the comnmon
approach is to use disconnect skids with three internal
switches in the base line and to have separate breaker skids
in line with the cables feeding the machinery. Another ap-
proach is to combine the single-breaker skids into the base-
line switchhouses.

When a secondary-selective configuration is used, as
shown in figure 1.11, a normally open tie circuit breaker
is placed in the base line in a location approximately equi-
distant from the main substations. In some operations, the
two substations and the tie circuit breaker may be in the
same location, with two feeders running from the substa-
tion area to the base line. More than two main substations
may be established in very large operations,

Primary-loop systems have occasionally been used in
strip mining. It can be noted from figure 1.12 that the sub-
stations actually operate in parallel, considering the base
line to be a bus. Here the substations can be smaller than
those needed for a radial system. Notwithstanding, certain
precautions should be taken with this configuration (9).
For example, the substations must be identical if they are
to share the load, but as an unbalanced load distribution
is probable on any system, it is likely that the two substa-
tions will not be equally loaded. Regardless, because of the
safety hazards, primary-loop distribution is considered un-
satisfactory and is not recommended.

Distribution voltage for the surface mine may be 7.2,
13, or 23 kV, and to a lesser extent 4.16 kV. Regardless
of the level, drills and production shovels usually operate
at 7,200 or 4,160 V. Therefore, when higher distribution
levels are needed, portable unit substations are commonly
used in the pit. One instance would be when the load cre-
ated by a large machine is several times that for auxiliary
machines. Another method is to establish two base lines
on the highwall for two distribution voltages, as shown in
figure 1.15. Here, a large unit substation interconnects the
two base lines. Even in this situation, as can be seen in
the preceding illustrations, low-voltage unit substations
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or power centers are often required for 480-V auxiliary
equipment.

The primary purpose of any primary-distribution
scheme in a surface mine is to provide a flexible, easily
moved or modified power source for the highly mobile
mining equipment. System designs must also be considered
as an integral part of the total mine operation. Those
described have these objectives in mind. As will be seen,
the distribution system in any surface or underground mine
that serves portable equipment is subject to damage from
the mining machinery itself, and as a result, the system
must be designed with optimum flexibility and considera-
tion for personnel safety.

Open pit power systems are quite similar to those in
stripping mines but with one main exception: primary dis-
tribution typically establishes a ring bus or main that
partially or completely encloses the pit. Radial ties to the
bus complete the circuit to switchhouses located in the pit,
and portable equipment again uses shielded trailing cables.
An example is shown in figure 1.16. Distribution voltage
is normally 4.16 kV, but 7.2 or 6.9 and 13.8 kV are some-
times used. Unit substations are employed if equipment
voltages are lower. Primary distribution is almost invari-
ably through overhead lines.

UNDERGROUND COAL MINING

Figure 1.17 is a plan view of a typical U.S. underground
coal mine. A system of main entries, each 16 to 20 ft in
width, is developed from the coal seam access point to the
production areas, which are called panels or sections. Pil-
lars of coal are left during mining to support the overburden
above the entries. Crosscuts are mined between the entries.
The main entries may remain standing for several years
while coal is being extracted from the panels. Haulage of
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personnel, supplies, and coal, together with provision of
ventilating air and dust-suppression water, and electrical
distribution are necessary functions of the main entries
throughout the life of the mine.

The mining method is defined by the configuration of
the open workings and by the classification of equipment
used. The important underground coal mining methods are
room and pillar, which may be either conventional or con-
tinuous, and longwall. To the miner, the type of mining
machinery used is implied by each category. The room-and-
pillar method remains dominant in the United States,
although there has been a recent substantial increase in
longwall mining. The choice of a specific mining method
is frequently dictated by such natural conditions of the mine
as the characteristics of the overburden, roof, and floor, plus
the seam dip, water, methane, and seam height (11). Es-
sentially, the method and equipment selected are based on
the combination that will provide the safest and most prof-
itable extraction within the given set of geologic conditions,
while complying with State and Federal health, safety, and
environmental regulations.

Room-and-Pillar Mining
Room-and-pillar mining is named for the regular pat-
tern of openings made in the coal seam and was the earliest
form of underground coal workings.
Conventional Mining
The conventional mining method represents a direct

evolutionary link with the early mining techniques. It is
based on the original loading machine, which came into use
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Figure 1.17.—Layout of underground coal mine.
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in the early 1920’s. Modern conventional mining consists
of six distinct operations:

1. Undercutting the coal face,

2. Drilling holes in the face for blasting,

3. Blasting,

4. Loading the broken coal onto a face haulage system,

5. Hauling the coal from the face area to a subsequent
haulage system, and

6. Providing roof support.

In order, these steps comprise a mining cycle; after roof sup-
port is completed, work begins again at step 1. Ventilation,
although essential, is not included as a separate step in the
cycle as it must be provided continuously. Other safety pro-
cedures include careful examination of the face and roof
after blasting and before each job begins at the face.

Mobile self-propelled mining equipment performs most
of the operations in conventional mining. The cutting ma-
chine, basically an oversized chain saw, is employed to cut
a siot at floor level, called the kerf, which allows coal ex-
pansion during blasting. A self-propelled face drill follows
the cutter and makes several holes in the face with its
carbide-tipped auger-type drill bits. Blasting is carried out
either by chemical explosives approved as permissible by
the U.S. Mine Safety and Health Administration (MSHA)
or to a lesser extent by high-pressure air. Permissible ex-
plosives will not ignite methane and coal dust when used
correctly.

A crawler-mounted loading machine loads the broken
coal onto the face haulage vehicle, typically a shuttle car.
The car is equippped with a chain conveyor that moves the
coal from the load end to the discharge end and subse-
quently unloads it from the vehicle. Shuttle cars almost
invariably work in pairs and move the coal to rail cars or
a conveyor belt, which makes up the next stage of materi-
als handling in the mine. The roof bolter, sometimes called
a roof drill, is a rubber-tired vehicle that secures the roof
by first drilling vertical holes and then emplacing roof bolts,
which secure the roof either by clamping thin roof layers
together to form a thick beam, or by hanging weak strata
to a more competent upper layer. Drilling is usually ac-
complished by rotary action with auger-type bits. The re-
sulting dust is collected through the bit and hollow drill
rod by vacuum.

With few exceptions, all these machines are electrically
driven, powered via trailing cables from the mine power
system. Since the mining equipment is continually moved
among several faces in a coordinated plan designed for
maximum production efficiency, the handling of trailing
cables is a significant part of the mining cycle. The result
of coal removal is a system of open rooms divided by coal
pillars that support the roof as mining advances toward the
property boundaries. When the equipment approaches the
property limit, the operation is turned around and retreat
mining takes place. If surface subsidence is permitted, the
pillars are removed in an organized extraction plan and the
roof is allowed to cave. The broken material that then fills
the mined void is known as gob.

Continuous Mining

The heart of the continuous coal mining method is the
continuous mining machine, which replaces the conven-
tional room-and-pillar unit operations of cutting, drilling,
blasting, and loading. The mining functions of haulage and
roof support remain, although some continuous miners also

perform roof bolting. The term “continuous” is actually a
misnomer hecause of legal constraints that mandate inter-
ruptions in the mining process for safety checks and ven-
tilation requirements.

The most common form of face haulage in continuous
mining is again the shuttle car. One of the main problems
associated with continuous mining is the intermittent
nature of the shuttle car haulage system, which causes fre-
quent delays at the face. As a result, various types of con-
tinuous haulage systems have been developed to alleviate
this problem. Mobile chain and belt conveyors are the most
popular of these systems, and these are applicable to min-
ing low coal. Continuous haulage systems have not been
without problems, and some designs have been hampered
by poor reliability and lack of maneuverability. Hydraulic
systems have shown great promise; they operate by pulver-
izing and slurrying the coal immediately behind the miner,
then pumping the slurry to the surface.

Longwall Mining

Longwall mining is the most popular underground coal
mining technique in Europe, and it is growing rapidly in
the United States. In contrast to room-and-pillar mining,
longwall is capital intensive rather than labor intensive.
Longwalls are usually 300 to 600 ft wide, and the direction
of mining with respect to the main entries classifies them
as either advancing or retreating longwalls. The latter is
the most frequent in the United States.

A typical retreating longwall is shown in figure 1.18,
The section of coal to be mined, the longwall panel, is first
delineated by two room-and-pillar entries or headings
driven perpendicular to the main entry. These two head-
ings, the headgate and the tailgate, handle haulage equip-
ment and ventilation. The longwall panel is then mined
back and forth, retreating toward the main entry. The roof
is allowed to cave immediately as the longwall equipment
moves, as is shown by the gob area on the diagram.

The longwall equipment consists of an interconnected
system of cutting machine, roof support equipment, and
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conveyor haulage. The cutting machine moves along the
face on a conveyor that also carries away the mined coal.
Behind the face conveyor, and connected to it, is the roof
support equipment, which supports a protective metal can-
opy or shield that extends over the face area. These roof
support units provide both the protection and the forward
mobility of the system.

The typical face conveyor is a flexible armored-chain
conveyor powered by motors at the headgate and tailgate.
Mined material moves toward the headgate, where it dis-
charges to the panel belt via an elevated intermediate
haulage unit, the stage loader.

Shortwall mining is a less common mining method; it
is very similar to longwall mining except that the short-
wall panel is normally 150 to 200 ft wide. From the stand-
point of equipment, shortwall can be considered as a com-
promise between room and pillar and longwall in that the
extractive and face haulage systems are identical to those
in continuous mining, while the roof support equipment is
similar to that used in longwall mining.

POWER SYSTEMS IN UNDERGROUND MINES
Regulations

Underground mine power systems have different char-
acteristics from those for surface mines, and these two bagic
mining operations are regulated by separate codes and
standards. For instance, although 30 CFR 77 covers elec-
trical installations of surface coal mines and surface facili-
ties of underground coal mines, Part 75 regulates the under-
ground installations and Part 18 specifies standards for
electrically powered face machinery (I4). Part 77 illustrates
an overlap between surface and underground legal de-
mands, which is logical because the surface electrical
counterparts of both mine types are similar; examples in-
clude substations and subtransmission. Figure 1.19 can be
compared with figure 1.9 to see the similarity between sur-
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face mine and underground mine subtransmission. As a
general situation, however, the mine distribution system
is related to the mining method. Hence, underground mine
systems become different from surface mines at the point
where the circuits leave the substation and go underground.

Underground Mine Distribution

As shown in figures 1.20 and 1.21, underground mine
power systems are somewhat more complicated than those
for surface applications. Because of the nature of the mine
and its service requirements, distribution must almost
always be radial (fig. 1.20); the freedom in routing distri-
bution enjoyed by surface mines is not available under-
ground. For increased reliability, secondary-selective main
substations are employed (fig. 1.21). The secondary-selective
operation is defined by the use of two substations and mine
feeders with a normally open tie breaker. Primary-distri-
bution voltage is most commonly 7,200 V; however, older
4,160-V systems can still be found, and 12,470 V has in-
creased in popularity in recent years, especially for long-
wall operations. The grounding system for the underground
mine distribution must be separated from that used for sur-
face equipment.

Power and mine grounding are fed underground in in-
sulated cables, either through a shaft or borehole or a
fresh-air entry. The cables terminate in disconnect switches
within 500 ft of the point of power entry into the coal seam.
These switches allow total removal of underground power
in an emergency. From the disconnects, which may be a
part of a switchhouse, the power is distributed through
cables to power centers or rectifiers located as close to the
machinery as practical. All the cables on high-voltage cir-
cuits, usually involving only distribution, must have shield-
ing around each power conductor.

The prime load concentrations in underground mining
are created by the mining sections. Distribution terminates
at the section power center, which is a transformer com-
bined with a utilization bus and protective circuitry. From
this, several face machines are powered through couplers
and trailing cables. Power-system segments for typical con-
tinuous and longwall operations are given in figures 1.22,
1.23, and 1.24. Rated machine voltage for most instailations
is 550 Vac, but 250-Vdc and 440-Vac equipment is used
extensively, and 950 Vac has become quite popular for
high-horsepower continuous miners and longwall shearing
machines. In the longwall system, power is fed through
controls to the various motors. On conventional or con-
tinuous equipment, the utilization approximates the radial
system shown in figure 1.22,

If belt haulage is used, distribution transformers are
located close to all major conveyor belt drives and are re-
ferred to as belt transformers. After transformation, power
is supplied through starter circuitry to the drive motors.
With rail haulage, distribution terminates at rectifiers that
contain a transformer and rectifier combination. The rec-
tifiers are located in an entry or crosscut just off the rail-
way. As shown in figure 1.25, dc power is then supplied
through circuit breakers to an overhead conductor or trolley
wire and the rail, with additional rectifiers located at reg-
ular intervals from 2,000 to 5,000 ft along the rail system.
For further protection, the trolley wire is divided into elec-
trically isolated segments. The typical rectifier supplies the
ends of two segments of trolley wire and each feeder has
its own protective circuitry to detect malfunctions. Each
trolley-wire segment is called a dead block. This loop-feeding
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arrangement is continued throughout most of the haulage
gystem except for the most inby segment, which is dead-
ended. In some mines, dc face equipment and small de
motors are powered from the trolley system through a fused
connection (or nip) to the trolley conductor and rail. The
de distribution can also serve large motors directly through
switchgear; however, this practice is rare in underground
coal.

All power equipment used underground must be rugged,
portable, self-contained, and specifically designed for in-
stallation and operation in limited spaces. In addition, all
equipment and the cables connecting them must be pro-
tected against any failures that could cause electrical haz-
ard to personnel. This is primarily provided by protective
relaying built into each system part, with redundancy to
maximize safety (4).

Utility company
metering .
8
l as 28
[ -4 [ ]
Surface e asg v b
‘ substation 7 §55s5e I':Y
Suth)g?m' 8335552 z
ation J« JO0BO0n Y
To individual loods ¢.¢.¢.¢.$.$_ YJ
To surfoce loods {purmps, conveyor, efc. ) YYy
(hoist, fan, pumps, chonge room, efc.) Power center
Ground 7777 L ¥
el 7777777 soh“fr']‘l’e m’;‘;‘g CONVENTIONAL Rectifier
Conl {7 Doreh ¥ MINING SECTION
seam
Portable Feeder cable
Disconnect A‘] switchhouse / rv"'l
switchhouse | <% L e == ) <e———<<(
= L) L. L1
To of Portable switchhouses
distribution =P o
[L~_] Switchhouse
A
. Conveyor belt
¥ | Rectifier ﬁ starter ond drive
) l T % Power
Distribution center LONGWALL
Power Trolley system transformer A~ A | MNING SECTION
cenfer S—
X I Distribution boses |
~ N 4 .
CONTINUOUS Mine power cenler r J I_ _l
N Y /\-"\-/\-/\_
Miscellangous. loods MINNG SECTION || | o AP YA
(shop, purnp, etc.) A ek a caoe
TTITTTTTT 2SSE SEES
s3205305t $882 $dda
-2 - el ] o9 “ o -
feigEidEd "gtr o OB
g o & =
Q

Flgure 1.20. — Radially distributed underground powsr system.
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Figure 1.23. - Power-system segment with longwall equipment.
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SURFACE FACILITY POWER REQUIREMENTS

The surface activities of any mine, which may include
shops, changing rooms, offices, ventilation fans, hoisting
equipment, preparation plants, and so forth, can have large
power requirements. For safety, these facilities should at
least have an isolated power source and at times a separate
substation.

In preparation plants, the distribution arrangements
are almost always expanded radial or secondary selective
{8). Representative system layouts are shown in figures 1.26
and 1.27. In both, distribution is at 2.4 to 13.8 kV, with
4,160 V the most common level. Power is distributed at one
of these levels to centers of electric load. This power may
be used directly for high-voltage motors, but usually the
voltage is stepped down to supply groups of motors or single
high-horsepower motors. The power centers must be in an
elevated location or totally enclosed. The rooms used for
these and other electrical components may also be pressur-
ized to exclude coal dust.

The most popular voltage for preparation plant utiliza-
tion is 480 V. This voltage is used to drive all motors
throughout the plant except those with high-horsepower
demands, such as centrifugal dryers and large fan drives,
where 2,300 or 4,160 V is commonly employed. These higher

voltages may also be preferred for any motor that requires
continuous service or independence from the power-center
loads. Note that 240-V moturs are unsatisfactory for typi-
cal preparation plant demands. Most modern preparation
plants use group motor control instead of individually
housed control units, since this method facilitates main-
tenance and enables the interlocking of the various motor
functions required for semiautomatic facilities. All manual
controls, indicating lights, and so on are grouped in one
central operating panel to allow easy access and visual
indication of plant operation. The panel is often called a
motor control center (MCC), as shown in figure 1.27.

BASIC DESIGN CONSIDERATIONS

The goal of the power engineer is to provide an effic-
ient, reliable electrical system at maximum safety and for
the lowest possible cost. The types of information made
available to the power engineer include the expected size
of the mine, the anticipated potential expansion, the types
of equipment to be used, the haulage methods to be em-
ployed, and whether ar not power is available from a util-
ity company. The amount of capital assigned for the elec-
trical system will also be designated.
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Figure 1.26.—Representative expanded radlal distribution

for preparation plant.

The designed system must meet certain minimum
criteria. IEEE (12) has defined these basic criteria for in-
dustrial electrical systems that must be applied to mines:

Safety to personnel and property,
Reliability of operation,
Simplicity,

Maintainability,

Adequate interrupting ability,
Current-limiting capacity,
Selective-system operation,
Voltage regulation,

Potential for expansion, and
First cost.

Of these, safety, reliability, and simplicity are closely re-
lated. All are dependent on good preventive maintenance.
In the eramped uncompromising environment of an under-
ground mine, these are of vital concern. Since continuous
operation is the aim of every mine operator, planned main-
tenance should be held to a minimum. Most routine main-
tenance should be capable of being performed by unskilled
personnel, since it will be done by the miners themselves.
Training for these tasks must be provided.

Adequate interrupting capacity, current-limiting capa-
bility, and selective-system operation are projected at safety
through reliability. The first two areas ensure protection
during a disturbance. Current limiting, when applied to
grounding, is perhaps the most significant personnel safety
feature of mine electrical systems. Selective-system opera-
tion is a design concept that minimizes the effect of system
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Figure 1.27.— Representative secondary-selective distribution for preparation plant.



disturbances. Voltage regulation is a limiting factor in
system design, particularly underground, and is often the
main constraint to system expansion. It should be antici-
pated that when the size of the mine is increased, this might
involve augmenting the power-system supply through ad-
ditional power sources.

While first cost is important, it should never be the
determining factor, since high-cost equipment, projected at
maximizing safety and reliability, can easily offset the in-
creased first cost through the reduction in operating costs.
At times, this fact appears to elude some company pur-
chasing agents.

Using the data available, the task of the power engi-
neer is to select one combination of power equipment over
another, provide power or circuit diagrams, estimate the
equipment, operating and maintenace costs, set the speci-
fications for the system, and receive and assess the proposals
from suppliers. For success, the engineer requires a firm
knowledge of mine power systems, but this understanding
cannot be based on a “standard mine electrical system”
because such a standard does not exist: no two mines are
exactly alike. The engineer must resort to the fundamen-
tal concepts, an awareness of what has worked in the past,
and a clear understanding of the legal constraints. This in-
formation is provided in the subsequent chapters.
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CHAPTER 2.—ELECTRICAL FUNDAMENTALS |

The technique used to solve problems in complex elec-
tronic circuits or mine power systems is called circuit an-
alysis. It involves calculating such circuit properties as cur-
rents, voltages, resistances, inductances, and impedances.
Circuit analysis serves as the knowledge base on which an
understanding of mine electrical systems can be built.

This chapter will diverge from classical circuit-analysis
presentations by not covering transient effects in circuits.
From experience, studying currents and voltages existing
in a circuit immediately after a change in circuit configur-
ation can be confusing and clouds understanding of the most
used segments of circuit analysis. Therefore, although some
necessary statements will be made, the subject of transi-
ents is delayed until chapter 11, where it can be combined
with practical examples.

This chapter commences by introducing electrical phe-
nomena and continues through to a presentation of steady-
state ac circuit analysis. Chapter 3, “Electrical Fundamen-
tals IL,” continues the coverage of basic electrical subjects
and starts with the basics of electrical power consumption.

Numerous excellent circuit-analysis textbooks have
been produced over the years. Many can be employed ef-
fectively to cover the subject, and some of these are provided
in the bibliography at the end of this book. Because practic-
ally all fundamental electrical relationships are considered
common knowledge, the concepts introduced in this chapter
will seldom be referenced other than by giving credit to the
discoverer.

BASIC ELECTRICAL PHENOMENA

The nature of electricity is not yet fully understood, but
it is well known as a form of energy that can be conven-
iently converted into and utilized as light, heat, and me-
chanical power. Like all science, knowledge about electricity
has been developed from observation and experimentation.
The generalization of this experimental evidence combined
with information about the nature and behavior of electrons
and electron flow forms the basis of electron theory.

The atoms of each element consist of a dense nucleus
around which electrons travel in well-defined orbits or
shells. The subatomic particles, the building blocks out of
which atoms are constructed, are of three different kinds:
the negatively charged electron, the positively charged pro-
ton, and the neutral neutron. The negative charge of the
electron, e, is of the same magnitude as the positive charge
of the proton, e*. No charges of smaller magnitude have yet
been concretely observed. Thus the charge of a proton or
an electron is taken as the ultimate natural unit of charge.
It is these two particles that are of principal interest in
electricity.

Coulomb’s Law

The force, F, between two charges, q and ', varies
directly as the magnitude of each charge and inversely as
the square of the distance (r) between them. This relation-
ship, known as Coulomb’s law, is represented mathemat-
ically by

F = kgi 2.1)

where k = proportionality constant that depends on units
used for force, charge, and distance.

If force is in newtons, charge in coulombs, and distance in
meters, then

k = 9 x 10** N-m?/C2.

The unit of charge, the coulomb (C), can be defined as the
quantity of charge that, when placed 1 m from an equal and
similar charge, repels it with a force of 9 X 10*® newtons
(N). The charge carried by an electron or by a proton is

- e = 1.602 x 10™* C.

Voltage and Current

A proton in the nucleus of an atom can hold only one
electron in orbit around it. When an atom contains fewer
than the normal number of electrons that the protons can
attract, the atom has an excess of positive charge and is
said to be positively charged. Atoms with an excess of elec-
trons are said to be negatively charged. The net amount of
these charges is termed potential or electromotive force (emf)
and is measured in volts. The separation of apposite charges
of electricity may be forced by physical motion or may be
initiated or complemented by thermal, chemical, or mag-
netic causes or even by radiation.

The potential difference or voltage existing between two
points can be measured by the work necessary to transfer
a unit charge from one point to the other. The volt is the
potential between two points when 1 joule (J) of work is re-
quired to transfer 1 coulomb (C) of charge. In other words,

1V =1J/C.

In some metals or conductors, electrons in the outermost
orbit of the atoms are rather loosely bound to their respec-
tive nuclei. These are called conduction electrons, since they
can leave the atom upon the application of a small force
and become free to move from one atom to another within
the material. In some materials, however, all the electrons
are tightly bound to their respective atoms. These are called
insulators, and in these materials it is exceedingly difficult,
if not impossible, to free any electrons. Conductors and in-
sulators are the principal materials used in electrical
systems.

The application of a voltage across a conductor causes
the free electrons within the conductor to move. Electrical
current is defined as the motion of electrical charge. If the
charge in the conductor is being moved at the uniform rate
of 1 coulomb per second (C/S), then the constant current
existing in that conductor is 1 ampere (A), the unit of elec-
trical current. The amount of current in a conductor can
also be measured as the rate of change of the charge flow.
Such changing current at any point in time is called in-
stantaneous current or

i = (the rate of change of charge) = ?ﬁ, 2.2)

where i = instantaneous current, A,

q = flow of charge, C,
t = time, s.

When electricity was first discovered, it was erroneously
thought that it was the flow of positive charges. Since the
laws of attraction and repulsion were known, the movement
was assumed to be from positive to negative. This theory



was accepted until the discovery of the radio tube, when
it was recognized that the flow was movement of electrons
from negative to positive. However, the concept of positive-
charge fiow was firmly entrenched and has remained stand-
ard in the United States, and so it will be used here.

SYSTEM OF UNITS

Most material contained in this text is given in the
International System of Units (SI); exceptions are calcula-
tions that are more conveniently expressed in terms of the
English or American engineering systems. A listing of the
basic symbols, units, and abbreviations that are used is
given in table 2.1. The decimal system is used to relate
larger and smaller units to basic units, and standard pre-
fixes are given to signify the various powers of 10; for
example:

pico- (p-, 107™%)
nano- (n-, 10
micro- (u-, 1078
milli- (m-, 1073)
kilo-  (k-, 109

mega- (M-, 109
giga- (G-, 10¥%)

Voltage, current, and power variables are represented
by the letter symbols V, I, and P in both uppercase and
lowercase letters. Uppercase letters represent voltage, cur-
rent, and power when the variable is constant, as in dc
circuits. In ac circuit work, uppercase V and I represent
effective values and uppercase P represents average power.
Lowercase v, i, and p depict voltage, current, and power
when these quantities are varying with time.
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Where needed, double-subscript notation 1s used to de-
scribe current and voltage. V., represents the voltage of
point A with respect to point B. I, represents the current
flowing through a circuit element from C to D. Note that
in the circuit shown in figure 2.1, the voltage V ; causes
the current L, to flow. These meet with the standard for
electrical current, which is positive-charge flow from posi-
tive to negative.

EXPERIMENTAL LAWS AND PARAMETERS

It is remarkahle that the entire theory of electrical
circuits is hased on only six fundamental concepts. One is
Ohm’s law, two are named for Kirchhoff, two relate to in-
ductance and capacitance, and one has to do with power.
To understand any electrical system, comprehension of
these relationships is mandatory.

Ohm’s Law

Georg Simon Ohm (1789-1854) discovered that the elec-
trical current through most conductors is proportional to
the voltage (potential) applied across the conductors. This
phenomenon is known as Ohm’s law and is expressed

mathematically as

v = Ri,

i

where v applied potential, V,

i = current through the conductor, A,

i

R
of conductor, Q.

Table 2.1—SI symbols and units

(2.3

proportionality constant known as resistance

Variable Si Unit Identical
Quanttty symbol’ unit symbol unit
COUIOMD ... iiisirar e ice e [ As
ampere.... A
VE..U \ WIA
v \
v.é v
1] VIA
S AN
0 VIA
S ANV
1] VIA
S AN
F Cc
Inductance H WolA
Energy, work _. w J N-m
Power (ACHIVE)......cccocei v niimincssnanssnns P w Jis
Power—apparent . e S..P, VA
Power—reactive...........cor e rrrees e rs e e Q..P, var
RESISHVIEY ........eeeocrveereecr e p ONMFMOON (. ciari i iin s st as s a e e s nnesrnes Q-m
Conductivity . "o siemens per meter. S/m
Eloctric fluX .......c.oceicnnisinisnnninns e ¥ coulomb ....ocvvrmmrrniriennes C
Electric flux density, displacement..........c..ccocvnimensevcenane D coulomb per square meter Cim?
Electric field strength.. E volt per meter ... Vim
Permittivity .............. € farac per meter... Fim
Relative permittivity . [ {numeric)
Magnetic flux............... L3 WD ... e e e e e Wb Vs
Magnetomotive fOrCe ........ccuu i F..F ampers (amp tubr(r’\) AWb
ampere per weber ...
ROICIANGSD .....ooocoeeeeeee oo meeeeee et eesabannasns R..R recf:ocapleh onry ik
Permeance P.P \';‘veber per ampere ... nlblA
..................................................................... anty .
Magnetic flux density...... B tesla....occriieniiiiiniinnes T Whb/m®
Magnetic field strength ... H ampere par matar.. e AM
Permeabllity (absoluts) ... B henry Par MBter ... ..o rresiis s ere e Him
Relative permeability .................... Be (numeric)

TVE indicates alternative symbols:...U indicates reserve symbols.
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No restriction is placed on the form of v and i. In de cir-
cuits they are constant with respect to time, and in ac
circuits they are sinusoidal.

For metals and most other conductors, R is constant.
In other words, its value is not dependent on the amount
of current, i. In some materials, especially in crystalline
materials called semiconductors, R is not constant, and this
characteristic is useful in diodes, amplifiers, surge arresters,
and other devices.

Further experiments by Ohm indicated that the resist-
ance of a piece of metal depends on its size and shape. How-
ever, the resistivity, g, of the metal depends only on its
compogition and physical state. This is an inherent prop-
erty that opposes current through the conductor just as the
frictional resistance of a pipe opposes the flow of water
through it. Resistivity is defined as the resistance of a unit
cube of homogeneous material; hence, resistivity can be
thought of as a property of the material at a point. Its value
remains the same at all points in a homogeneous conduc-
tor, but if the material is not homogeneous, its resistivity
can vary from point to point. The value may also vary
greatly for different conducters. The concept of resistivity
is often used in the grounding and distribution aspects of
mine electrical systems.

Using the definition, practical resistivity units would
be ohm-centimeter (Q-cm) and ochm-inch (2-in). However,
resistivity is usually expressed in ohm-meter (2-m) {(SI) and
ohm-circular-mill-foot (English). The ohm-meter is the re-
sistance of a material 1 mm?® in cross section with 1 m
length. Likewise, the ohm-circular-mill-foot (usually abbre-
viated to Q-cmil-ft) refers to the conductor resistance for a
volume 0.001 in (1 mil) in diameter and 1 ft long. For
calculating the resistance in this latter case, the cross-
sectional area of the conductor is measured in circular-mills,
which can be found from

A=d, 2.4)

where A = cross-sectional area of circular conductor, ¢mil,
and d = conductor diameter, 10~* in.

Resistivity values of some common conductors are given in
table 2.2.

Table 2.2—Resistivity of some common materials at 20° C

3 Temperature Resistivity (n)
Material coefficient (a) 10-"g:m _ Gomit

Aluminum, commerciat. 0.0039 2.824 171
Copper, annealed......... .00393 1.724 10.5
Iron, annealed....... 005 9.50 57.4
Lead......ccccovueen - 0034 21.83 132.31
Nichrome .. . 04 100 606.1
Sitver ......... . .0038 1.63 9.85
Steel, mild . 002 11.81 7217
Tin.......... 0042 11.50 69.7
Tungsten .. 0045 5.50 332

The resistance of any specific conductor can be calcu-
lated from the material resistivity using the formula

¢

R=¢ __ 2.5
3 .
where R = resistance, Q,
£ = conductor length,
A = conductor cross-sectional area,

material resistivity.

and ¢

If £ is in meters and A is in meters squared, then g must
be given in units of ohm-meters.

Electrical resistivity does not remain constant if the
temperature is permitted to change. For most materials,
the resistance increases as the temperature increases; car-
bon is an exception to this rule (negative temperature co-
efficient, 0.005). If the temperature coefficient is known, the
resistance of a given conductor at a given temperature is

R=Roll + alt - t5)], 2.6)
where R = resistance at temperature t, @,
R, = resistance at reference temperature t,, usually
20° C, Q,
a = temperature coefficient, Q/°C,
t = given conductor temperature, °C,
to = reference temperature, °C.

At very low temperatures (about —200° C for copper) or as
the melting point is reached, the temperature coefficient
is no longer constant and changes with temperature. As
a result, equation 2.6 is not valid for very high or low
temperatures.

The symbol illustrated in figure 2.1 portrays a resistor
in a circuit, and often its resistance is stated. Again by
definition,

R=7

1

2.7

Sometimes, the element’s conductance, G, is referenced
and is defined as the reciprocal of resistance:
_1_1i
G = R=v- (2.8)
In circuit analysis, it is occasionally more convenient to use
conductance than resistance. Later, the explanation of this
symbol will be generalized.

Kirchhoff’s Voitage Law
In the simple series circuit shown in figure 2.2, three

resistors are connected in tandem to form one single closed
loop. Kirchhoff has shown that when several elements are

A
l VAB
2

—i|1]!

Figure 2.1. — Circuit slement lllustrating voltage polarity and
current flow directlon.

Figure 2.2. - Simple series clrouit.



connected in series, the cuwrrent in the circuit will adjust
itself until the sum of voltage drops in the circuit is equal
to the sum of voltage sources in the circuit. This can be
restated as the “sum of all voltages around any closed cir-
cuit is zero,” which is called Kirchhoff’s voltage law. For
the circuit shown in figure 2.2,

Vap + Vgo + Veg + Vga = 0 2.9
or Voo + Vae + Veu — Var = 0 (2.10)
or v, +t vg + vy — v, =0. 2.11)

Obviously, some of these potential differences could be
negative and some positive. This circuit shows only resist-
ances and a voltage source, but the network could contain
other kinds of elements and might be as complicated as
desired. However, Kirchhoff found that the sum of the volt-
ages around any closed loop in a circuit, such as a-b-c-d, is
always zero.

The symbol shown in figure 2.2 beside v, represents an
ideal voltage source. Such a source maintains a given
voltage across its output (terminals) regardless of the load,
but actual voltage sources cannot supply an infinite cur-
rent if the terminals are short-circuited; that is, they are
tied together so the resistance approaches zero. Therefore,
actual sources are usually considered to be ideal voltage
sources with an internal resistance connected in series with
the source and the output terminals. The assumption is
illustrated in figure 2.3.

EXAMPLE 2.1

Find the current I flowing in the single-loop cir-
cuit in figure 2.4.

SOLUTION. Adhering to the assigned clockwise
direction for current, Kirchhoff's voltage law produces
the following equation:

—50 + V, + 100 +V, = 0,

where V, and V, are the voltages across the 1-Q
and 2—-9Q resistances. From Ohm’s law,

v,
V.

11,
2L

Inserting these expressions into the voltage law equa-
tion produces

-50+ 11+ 100+ 2I1=0
or 31 = —50,
I=-16.7 A.

The negative sign states that the actual current flow
is in the opposite direction from that shown in fig-
ure 2.4.

Tt should be noted that when writing the voltage-
law equation, voltages that oppose the assigned cur-
rent flow are considered positive, otherwise negative.
Therefore, the 100-V source is positive, and the 50-V
source is negative. The positive signs for V, and V,
assumed opposition by the convention shown in fig-
ure 2.1,
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Kirchhoff’'s Current Law

The other law attributed to Kirchhoff specifies that
“the sum of all electrical currents flowing toward a junc-
tion is zero.” In figure 2.5, five wires are soldered together
at a common terminal and the current in each wire is
measured. If current flowing toward the junction is called
positive (the direction shown in the figure) and the current
outwards is negative (against the arrows), then the sum of
the five currents is zero:

i, +i, + 1, + 1, + 15 = 0. (2.12)

As was the case for equation 2.9, this equation implies that
some currents must be positive, some negative.

If two or more loads are connected between two com-
mon points or junctions, these elements are said to be in
parallel, as shown in figure 2.6A. The same is true for figure
2.6B, and moreover, the two circuits illustrated in figure
2.8 are identical, just drawn differently. It is important to

vsf¢ V&R ]

Ideal
source l

RN
Output
terminals

Va
Resistance

Ideal voltage source Actual voltage source

Figure 2.3. — Ideal and actual voltage sources.
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Figure 2.4. — Circuit for example 2.1.

Figure 2.5.— Demonstration of Kirchhoff’s current law.
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note that the lines in these and all circuit diagrams usu-
ally show no resistance. Each line is only a connection be-
tween elements or between an element and a junction. The
similarity in the diagrams can be shown using Kirchhoff’s
current law. In both, there are only two independent junc-
tions, a and b, and for either point,

i, =iy 4 g+ iy 2.13)

The circuit symbol next to i, in figure 2.6 represents
an ideal current source, and a similar situation exists for
all practical current sources as was mentioned for practical
voltage sources. However, the internal resistance is effec-
tively connected in parallel across the ideal current source.
Both ideal and actual current sources are shown in fig-
ure 2.7.

EXAMPLE 2.2

Verify that Kirchhoff’s current law holds for junc-
tion x in figure 2.8.

SOLUTION. The three resistances in figure 2.8 are
in parallel, and the 100 V produced by the voltage
source exists across each. Therefore, by Ohm’s law,
the current through each resistance is

I, = 100 = 4 A
25

L, = @ =2 A,
50

Lo = 100 = 1 A,
100

Kirchhoff’s current law states that for junction x,
Ls + Lo + Lo = 7T A

Accordingly,
4+2+1+="TA.

Series Circuits
To restate the earlier definition of a series circuit,
elements are said to be connected in series if the same cur-
rent passes through them. Such is the situation for the four
resistors shown in figure 2.9. It would be convenient to find
a resistance, R, that could replace all series resistors. This
equivalent resistance can be found by returning to the Chm
and Kirchhoff voltage laws. By Kirchoff’s law,
Vo=Vt vyt Vgt Yy,
but by Ohm'’s law,
v, = iR, v; = iRy, vg = iRy, - - - - - .

Therefore,

v = iR, + iR, + iR, + iR,

For the circuit in figure 2.9, if the voltage, v, produces the
same current, i, through the circuit, then

v = iR,
but v=iR, + R, + R, + R,
iR=i®R, + R, + R, + R),
or R =R, +R,+R, +R,. (2.14)

Here R is said to be the equivalent resistance for the
previous series circuit. In other words, R is the series
resistance of that circuit. The same logic applies to all elec-
trical elements in series.

i iy

e —
0 o 9
i, ip | s | ia
‘ ® gt
-—- b -~ b
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Figure 2.6.— Simple parallel circults. (Italic lotters are cited
in text.)
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Figure 2.7, — Ideal and actual current sources.
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Figure 2.8. — Parallel circuit for example 2.2.
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Figure 2.9. —Simple serles circuit and equivalent.



It is often useful to find the voltage drop across just one
element in a series circuit. To arrive at an expresgsion, again
refer to figure 2.2. For the current through the circuit, it
is obvious that

i=d =1, =iy = 1,

but i, == i, =

i=*
R
Therefore, ﬁ = l‘;—l, , ﬁ = V—Z R
R’l R2
or v, = "ﬁ-v, Vs "ﬁ“v, ----- . (2.15)

In other words, the voltage drop across any one element is
equal to the total circuit voltage times the ratio of the ele-
ment’s resistance to the total circuit resistance.

Parallel Circuits

Following the discussion of series circuits, it would be
useful to have similar equivalence, voltage, and current
relationships for parallel circuits. For the circuit shown in
figure 2.10, the voltage is the same across each resistor and
is a corollary to current through series elements. Using the
same basic procedures as for series circuits, it can be shown
that

G=G,+G+G+G, +----- (2.16a)
and also
1 _ 1 1 1 1
R R, + R, + R, + R. Foo---- (2.16b)

Restated, the total conductance of parallel-connected re-
sistors is equal to the sum of all individual conductances.
Likewise, the reciprocal of the total resistance of parallel-
conducted resistors is equal to the sum of the reciprocals
of the individual resistances. A special case that is very
often found occurs when two resistances are in parallel. If
these resistances are R, and R,, then

= BBy 2.17)
R, + R,
If current distribution through parallel circuits is of in-
terest rather than voltage distribution, Kirchhoff’s current
law and Ohm’s law can be employed to show that

G,
i, = E‘i or i, = %i, (2.18)
and so on for the balance of currents.

The preceding paragraphs have been used to show the
immediate application of Ohm’s law plus Kirchhoff's volt-
age and current laws to circuits that have more than one
element. The results are extremely valuable in circuit anal-
ysis and are used extensively to solve circuit problems. It
is important to note now that these concepts are also valid
when circuits contain components other than resistance.
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Later, after the balance of fundamental laws and param-
eters have been covered, more applications of these laws
will be shown.

EXAMPLE 2.3

A series-parallel circuit is shown in figure 2.11.
Find the equivalent resistance.

SOLUTION. The objective is to find an equivalent
resistance between terminals a and b. The process is
to combine resistances in series or in parallel until
the equivalent resistance is obtained. The 2-Q and 4-Q
resistances between point 1 and terminal b are in
series, and from equation 2.14,

2+4=6%2

If a 6-Q resistance replaces these two series resist-
ances, it can be seen that two 6-Q resistances are in
paraliel between point 1 and terminal b. Applying
equation 2.17,

©X6) _
6+6

which means that a 3-Q resistance can replace the two
6-Q parallel resistances. Therefore, the 3-Q resistance
between point 2 and point 1 is in series with the
equivalent of 3 Q between point 1 and terminal b, and
again

3 Q

3+3=6%Q

Now between point 2 and terminal b, there are the
equivalent of two 6-Q resistances in parallel and
(6X6) _ 30
6+ 6

Consequently between terminal a and terminal b, a
7-Q resistance is in series with an equivalent 3-Q
resistance, and the equivalent resistance of the en-
tire circuit is

R=T7+3=109%.

Ry SRz 2R3

Figure 2.10. - Simple parallel circuit.

o !

Figure 2.11.—Series-paraliel circuit for example 2.3.
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EXAMPLE 2.4

Find the equivalent resistance of the circuit ilius-
trated in figure 2.12.

SOLUTION. Point b and point b’ can be seen in the
center of the circuit, but these are electrically just one
point, because b and b’ are only separated by a line
that does not contain an electrical element. Thus, the
15-Q and 30-Q resistances between a and b are in
parallel, as are the two 40-Q resistances between b
and c.

From equation 2.17,

a5X30 _ 0o
15 + 30

and 40X40) _ 99
40 + 40

Therefore, the resistance of the circuit between ter-
minal a and terminal d can be reduced to three series
resistances, and the equivalent resistance is

R =10+ 20 + 10 = 40 Q.

The Magnetic Field

A, M. Ampere was the first scientist to establish that
the conductor through which electric current is passing is
enclosed in a magnetic field. The relationship is depicted
in figure 2.13A. After Ampere’s discovery, many experimen-
ters tried to reverse the process and create electric current
from a magnetic field. Finally, in 1831, Michael Faraday
discovered that as a magnet is inserted into a coil of wire,
an impulse of electrical current will flow through the wire.
When the magnet remains stationary within the coil, no
current is produced. When the magnet is withdrawn, a cur-
rent impulse is again observed, but this time it flows in the
opposite direction. The process is demonstrated in figure
2.14. Faraday visualized the effect as a result of magnetic
flux lines cutting or moving through the conductor. When-
ever relative motion occurs, an emf is produced in the
conductor. This disclosure laid the foundation for electro-
mechanical conversion, that is, the conversion from mechan-
ical energy to electrical energy and vice versa, as found in
generators and motors.

The magnetic field mentioned here is a condition of
space. The direction of a magnetic field flux line is the direc-
tion of force on a magnetic pole, and the flux line density
is in proportion to the magnitude of force on the pole. Each
line represents a certain quantity of magnetic flux, meas-
ured in webers. It is a magnetic field characteristic that
every flux line is a closed curve, forming the concentric-
circle pattern shown in figure 2.13A. These conditions
of the magnetic field are employed to develop relation-
ships in magnetic devices, which are covered in upcoming
sections.

When a wire is wound into a coil, an interesting action
occurs: as the magnetic flux builds up around one wire, it
tends to cut through adjacent turns of wire. In this way a
voltage is induced into the coil windings. The concept is
shown as dashed flux lines around one winding of the coil
in figure 2.138.

Qo A
150 300
b b’
400 400
d o—— VWA
100 ¢

Figure 2.12. — Series-parallel circuit for example 2.4.
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Figure 2.13. — Magnetic flux in a straight conductor (4) and
in a long coll (B).

Bar magnet moving
info the coil

Magnet moving out
of the coil

Galvanometer Current

Figure 2.14. — Demonstration of induced current.

Inductance

Joseph Henry found that electricity flowing in a circuit
has a property analogous to mechanical momentum; that
is, current is difficult to start but once started it tends to
continue. This is the case for any element from a simple
conductor to the most complex. Faraday explained the phe-
nomenon by visualizing the magnetic field in space around
the conductor. In terms of the coil in figure 2.14, the volt-
age induced in the other windings is proportional to the rate
at which the magnetic flux lines are cutting through the
coil. Yet the magnetic flux is also proportional to the cur-
rent in the coil. The induced voltage is such that at every
instant, it opposes any change in the circuit current. For



this reason, the induced voltage is called a counterelectro-
maotive force, cemf. This interrelationship is s¢ important
that it has the status of a physical law and is known as
Lenz’s law after the scientist who first defined it.

The property that prevents any change of current in the
coil 1s called self-inductance; hence the coil is known as an
inductor. The greater the induced voltage, the greater is
the opposition to the change in current flow. Therefore, the
cemf produced by a specific change of current is a measure
of cireuit inductance. Expressed as a formula,

v = L{rate of change of current})

di
= L{—), 2.19
or v { dt) (2.19)

where v = voltage across coil, V,
L = proportionality constant known as inductance, H,
i = current through coil, A.

As noted, inductance is given the symbol L and is measured
in units called henries in honor of Joseph Henry. A circuit
has an inductance if 1 H when a current change of 1 A/S
cauges a cemf of 1 V to be induced in the coil. The expres-
sion “‘di/dt” represents the rate of change of current, i, in
the coil.

When two separate coils are placed near each other, as
shown in figure 2.15, the magnetic field from ane coil can
cut through the windings of the second coil. It follows that
a change in the current in coil 1 can produce an induced
voltage in coil 2. This current-voltage relationship is ex-
pressed as

v, = L,, (rate of change in i,)

di,
or = Lzl (dt,)

(2.20)
Similarly, if the current in coil 2 is changing, it induces a
voltage in coil 1:

v, = L,(rate of change in i,)

di,

or = L,, ( ) 2.21)

L,; and L;, are called mutual inductances and are again
expressed in henries. The mutual inductances increase if
the coils are brought closer together and decrease as the
coils are moved further apart. Two magnetically coupled
coils are usually called a transformer. Although not by all
means obvious, the two mutual inductances of a pair of
magnetically coupled circuits are equal, or

12 = Ln' (2.22)

The self-inductance of an actual coil is a function of both
the coil configuration and the total number of turns. Fur-
ther, because the magnetic flux may induce currents in ad-
jacent conductors, the environment in which the coils are
placed may also have an effect. Numerous inductance equa-
tions are available in handbooks and other reference books,
each valid for a given coil configuration; consequently, only
a few that give approximate inductance values are provided
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here to demonstrate the parameters that affect inductance.
The two symbols used to indicate inductance are shown in
figure 2.16; the symbol on the right is that commonly found
in power-circuit diagrams.

For a long coil as shown in figure 2.16, the inductance is

ulNA

L =
f 1

2.23)

where L = self-inductance, H,
= permeability, H/m

(for air, 471077 = 12.566-10"7),
= turns of coil,
coil cross-sectional area, m?,
coil length, m.

ez T

and

The coil cross section need not be circular. The formula is
only approximate because it assumes that all flux lines link
all turns of the coil, which cannot occur at the coil ends.
However, the formula gives good results for long coils and
does reveal the following important relationships.

¢ Coil inductance is proportional to the square of the
number of turns.

* Inductance is proportional to the core permeability.

& Inductance is proportional to the cross-sectional area
of the core.

* Inductance decreases as the length increases.

For a shorter single-layer circular solenoid (coil), the induc-
tance is approximately

- _uN"A

, 2.24
f + 0.45d @24

where d = coil diameter, wire center to center, m.
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Figure 2.15. - Two coils demonstrating mutual inductance.
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Figure 2.18. — Long-coll inductance and inductor symbols.
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For the teroidal coil of rectangular cross section in figure
217,

2 d
L = &Nh Sy (2.25)
2n d,
where d,, d, = inner and outer diameters as shown, m,
and h = thickness, m.

Note that In indicates the natural logarithm, that is, the
logarithm to the base e.

Capacitance

When two conducting surfaces are separated by a dielec-
tric or insulating material, an effect known as capacitance
is observed. If two electrical conductors are at different
potential, there is some storage of charge upon them. A
capacitor is a device included in a circuit for the purpose
of storing or exchanging this electrical charge. Further,
when capacitance is present, the charge observed to flow
into the capacitor is proportional to the voltage applied. This
can be expressed as:

q = Cv, (2.26)

where q = stored charge in capacitor, C,
v = applied voltage, V,
and C = proportionality constant called capacitance, F.

To analyze circuits, a relationship between the voltage
applied and the current flowing into and from the capaci-
tor is more useful. Current is the rate at which charge flows
(i = dg/dt). It therefore holds that for a given capacitance,

i = C{rate of change of v)

dv
= C(=), 2.27
dt
where 1 = current flowing into the capacitor, A,
and v = voltage across capacitor, V.

This is very similar to equation 2.18 and, using the discus-
sion in that section, capacitance can be defined as that elec-
trical circuit property which tends to oppose any change in
voltage. The capacitance of a capacitor depends on the size
of the conductors or plates, their proximity, and the nature
of the material between them. For most dielectric materials,
C is constant.

Equations 2.26 and 2.27 have algebraic signs consistent
with the arrows in figure 2.18. The symbol shown is for
capacitance; note that a positive terminal voltage produces
positive current and hence positive charge.

If the voltage across a capacitor is desired, equation 2.27
can be integrated, resulting in

Y
v = o it + Ve, (2.28)

This equation represents the change in voltage across the
capacitor from some arbitrary reference time, calledt = 0,
to a later time, t. V, is the potential across the capacitor
at time t = 0. The expression

I 1 . i
-C_J"’ idt

is the voltage change across the capacitance from time
t = Ototimet = t. From the formula, if the voltage across

the capacitor remains constant, as in de circuits, no current
will flow into or out of the capacitor.

Electric Field

An electric field exists anywhere in the neighborhood
of an electrical charge, for example, between the plates of
a capacitor. The direction of this field is by definition the
direction of the force on a positively charged exploring par-
ticle (a particle free to move within the electric field). The
strength of the field, E, is proportional to the magnitude
of the force. If the charge of the exploring particle is g, then
the force is

F = gE, (2.29)

where F = force on particle, N,
and E = strength of electric field, V/m.

Electric-field flux lines are visualized as issuing from
positive electric charge and terminating on negative charge
as shown in figure 2.19.
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Figure 2.17. — Toroidal coil.
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Figure 2.18. —Charge, voltage, and current reiationships of
capacitor.
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Figure 2.19.—Electric lines of force batween iwo parallel
charged plates.




Voltage or potential difference is by definition the in-
tegral of electric-field strength or

v = [ E-ds. (2.30)

A simple application of this concept can be demonstrated
from figure 2.19. If the electric field between the two parallel
plates is constant, the voltage between the plates is

v = E=s. (2.31)

Assume that a positively charged particle, q, is released
from the positive plate in figure 2.19, the particle being
within the electric field and free to move. If it moves,
work is performed on it by the electric field. The amount
of work can be found by employing the mechanical formula

w = Fs, (2.32)

where w = work done, J,
F = force on particle, N,

and s = distance particle moves, m.
Since F = ¢E, (2.29)
work is w = gqE-s, (2.33)
but v = E-=s, (2.31)
50 w = qV. (2.34)

Therefore, when electricity moves from one potential to
another, the work done is equal to the product of the amount
of electricity and the potential difference. In the next
section, this concept is applied to a common electrical
component.

Instantaneous Power

Consider the resistor shown in figure 2.20. A charge,
dq, is free to move in the resistor from the point stos + ds.
It moves the distance, ds, in time, dt, and is impelled by
the electric field in the region, E.

The electric field exerts a force on the charge, dg, while
it moves through ds, or

F = dqE. (2.35)
The work done in this section of the resistor during time
dt can be expressed as

dw = F-ds = dqE-ds. (2.36a)

o—_— a
+A}
EZ:C':Z:SZ
/' s +ds
dq
v
o b

Figure 2.20.— Reslistor used to demonstrate instantaneous
power.
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Power is work per unit time (in other words, the rate of do-
ing work), or for this section of the resistor,

dw dqE-ds
dp = ¥ - G90d8 2.36h
L (2.365)

where p = power, W.

However, the current through the resistor is the rate at
which charge flows, 1 = dg/dt; therefore,

dp = iE-ds. (2.37)

Current is constant throughout the resistor and is not a
function of distance, s. The potential difference across the
region, ds, is

v = [ E-ds, (2.30)
and the power across the whole resistor, from a to b, is then

p = ["iE'ds =i ["Eds = iv. (2.38)
Formula 2.38 represents only the instantaneous power con-
sumed by the resistor, or the power occurring at only one
instant in time. This is an extremely important formula as
it forms the basis for most power relationships.

Idealization and Concentration

The foregoing has established the elementary laws and
parameters that can be applied to investigate electrical
circuits. Practical circuits found throughout a mine, or in
fact anywhere else, are composed of wires, coils, and elec-
trical devices of varying complexity. Before these funda-
mentals can be employed, it is necessary to translate the
practical world into an ideal and simple world. The trans-
lation is called idealization and is in essence the construc-
tion of a model. Here, electrical effects that create insig-
nificant results are eliminated. For instance, two adjacent
conductors in a coil always exhibit capacitance but the
capacitance might be so small that the stored charge is
negligible. Yet for many situations, the resistance and in-
ductance must remain.

For every conductor or component in a circuit, resist-
ance, capacitance, and inductance are distributed through-
out the entire length or breadth of the portion. It would be
much simpler to apply the preceding relationships if these
circuit parameters were combined or concentrated into
separate circuit elements. For most circuit analysis needs,
fortunately, these can indeed be consolidated.

The fundamental aspects of idealization and concentra-
tion are illustrated in figure 2.21A, which shows a voltage
generator connected to a coil of wire and a resistor in series.
Figure 2.21B gives the translation. The distributed resist-
ance and inductance of the coil have been combined into
R: and L, and the coil’s capacitance has been ignored. The
resistance of the resistor and its lead wires has been con-
centrated into one value, R. Finally, the voltage generator
is represented by an ideal voltage source and an internal
series resistance. Note that the lines shown in figure 2.218
serve only to connect components and exhibit no electrical
properties or effects. Another example can be expressed
from figure 2.22A. Here, a load center is shown connected
to a shuttle car through a trailing cable. Again, figure 2.22B
gives the translation. The distributed resistance, induc-
tance, and capacitance of the trailing cable have been
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Figure 2.21. — Simple example of idealization and concentra-
tion.
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Figure 2.22. - Modeling of load center, tralling cable, and
shuttle car.

represented by the combined R.,, L., and C... Such models
can be developed for all portions of a mine distribution
system. In this case, although the cable capacitance is
rather small, it is shown here to emphasize that it may not
always be negligible. The shuttle-car motor is depicted by
the symbol shown. The symbol is obviously the same as that
for a source, for reasons given later.

After constructing the circuit representation, or sche-
matic, as it is most often called, the relationships covered
previously in this chapter can be used to solve for currents
and voltages within the circuit. A differential equation will
usually result, but if the circuit contains only resistance,
the only necessary expression is Ohm’s law. This will be
the case for most d¢ circuit analyses.

DIRECT CURRENT CIRCUITS

Electrical current consists of the motion of electrical
charges in a definite direction. The direction and magni-
tude of current can vary with time, and accordingly, all cur-
rents can be classified into one of three basic types:

Direct current (dc),

Alternating current (ac) or sinusoidal current, and

Time-varying current.

Direct current is a steady, continuous, unidirectional flow
of electricity. In other words, voltage (V) and current (I) have

uniform values. Beyond this, the term “de¢” is also applied
to ordinary or practical currents that are approximately
steady.

The following section explores dc circuit analysis, an
important topic because of its extensive use for mine haul-
age and for driving electronic components. The study of dc
analysis at this time allows the fundamental electrical laws
and parameters to be applied and extended without hav-
ing the effort clouded by complex current relationships.

Direct Current and Circuit Elements

Figure 2.23 gives the basic elements of resistance, in-
ductance, and capacitance, each having a voltage and cur-
rent as shown. A powerful simplification of complex circuits
can be understood by examining the effect of dc on these
elements. As before, the voltage-current relationship for the
resistor is Ohm’s law:

Ve = 1IR. (2.39)
For the inductor, the voltage across the element is
V., = L'(g :
LTt
but, because I does not change,
dI
=9
dt
and V. =0. 2.40)

Likewise, for the capacitor, the current through the element
is

. = Cdv,
Cdt
- LAY
= = 0’
but again, it
I.=0. 2.41)

Therefore, inductance and capacitance phenomena are not
present under pure de. In other words, the capacitor appears
as an open circuit, while an inductor resembles a conduc-
tor showing only resistance. An example of this simplifi-
cation is available in figure 2.24. The circuit on the left
shows all circuit elements, but under dc the effective cir-
cuit is given on the right. The result is a simple series-
resistance arrangement, and the only voltage-current rela-
tionship necessary for the analysis is again Ohm’s law.

Series and Parallel Resistance

The expressions used to find the equivalent resistance
of parallel or series resistances are as before:

for series, R,, =R, + R, + R, + .... + R;
forparallel,l:i+i+i+....+i;
R, R R, R R,

using Ohm’s law, V = IR,, = I(R, + R)

orI=V= v

R. R.+R,
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Figure 2.23. — Basic elements of resistance, inductance, and
capacitance.
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Figure 2.24. - Simplification of de circuit.

Figure 2.25. — Simple circuit reduction.

Hence, the current through or the voltage across the eir-
cuit can be found. By employing the previously given for-
mulas, the voltage-current relationships for each circuit part
can be determined.

This concept can be elaborated considering figure 2.25,
which shows a series-parallel circuit where an element of
the circuit may be in parallel or series with other elements.
Arrangements such as these can be solved by observing
which individual elements are in series or parallel, then
making the appropriate combinations. The objective is to
gradually reduce the circuit to an equivalent series arrange-
ment, which can then be replaced by a single equivalent
resistance. Simple illustrations of this process have been
shown in examples 2.3 and 2.4. Accordingly, the circuit in
figure 2.25A can be changed to figure 2.258 by the paral-
lel combination

1 _ 1.1 g BB |
R, R, R, R, + R,

The circuit in figure 2.25B is then reduced to the circuit
in 2.25C for the series combination

_RRy

R,,=R1+R,'=R1+ R2+R3‘

Vv

Afterwards, if V is known, I, = R

g
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Further, the current and voltage distributions can be deter-
mined by

R,’ R,’
L=1 (E) and L=1 (R_s),
R1 Rz'
V,=( R, 1\ and v, = (E;)V,
or V, = R/, and V., = R.T,.

In this way, all voltages and currents in figure 2.25 can be
found. In summary, the main process used is the substitu-
tion of a single resistance for several series-parallel resist-
ances. In concept, the same terminal resistance (R,,) implies
equivalence and results in identical current and voltage
delivered from the source. This process of solution is for-
mally known as circuit reduction.

The power consumed by all or part of the circuit can be
found by applying equation 2.38:

P=VL (2.42)

Noting Ohm’s law, V = IR, two other convenient power ex-
pressions are

P = IR)I = IR (2.43)
vV, vt
and P= V(E) =R 2.44)

These three expressions can be used to find the power loss,
expressed as I’R loss, due to conductor resistance before the
current is delivered to a load, as well as the power used by
that load.

EXAMPLE 2.5

For the circuit shown in figure 2.26, determine the
current I flowing through the 30-Q resistance, the
power supplied to the circuit by the voltage source,
and the power consumed by the 15-Q resistance.

SOLUTION. The 25-Q, 15-Q, and 10-Q series
resistances are in parallel with the 50-Q resistance,
and

26 +15+10=50%,

(50)(50) _
50 + 50

25 Q.
The equivalent resistance seen by the 50-V ideal
source is the sum of three series resistances:
R.,, =30+ 256 + 45 = 100 Q.
The current delivered by the source is then

vV 50
L=—=—=05A,
" R, 100

and the power supplied to the circuit by the source is

P, = VI, = 50(0.5) = 25 W.
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The current through the 15-Q resistance can be found
by using current division:
50

50
L=1 = 0.5(—) = 0.25 A.
: 1(50 + 925 + 15 + 10) 05(100) 0

Therefore, the power consumed by the 15-Q resistance
is

P =TR = (02515 = 0.94 W.

EXAMPLE 2.6

Find the current between points a and b, L., in
the circuit of figure 2.27.

SOLUTION. The circuit is very similar to figure 2.12
as used in example 2.4, Point a and point b are at the
same potential, so the right-hand side of the circuit
is essentially two parallel arrangements of 15-Q and
30-Q resistances. The two parallel arrangements are
in series. As

(15)(30)

— =109,
15 + 30

the equivalent resistance seen by the 30-V source is
R, =10+ 10 + 10 = 30 ,

and total circuait current is

vV 30
[[=—="—"=1A.
1780 LA

Because of effective parallelism, L, I,, I, and I, can
be found by
30

1—1(——)—1(2)—067A
T 15 +300 45 ’

15
I, = =———-) = 0.33 A,

15 + 30
15
I, = ———) = 0.33 A,
(15+30) 0.33
30
L = l(—————) = 0.67 A.
! (15+30) 7

Even though the potential at point a is the same as
the potential at point b, the line connecting a to b has
the ability to carry current. By Kirchhoff’s current
law for point a,

L =101+ Ic)

and for point b,
L, +1,=1L.

By either relationship,
L, = 0.67 — 0.33 = 0.33 A.

EXAMPLE 2.7

The circuit in figure 2.28 is a series-parallel ar-
rangement of conductances. Find the voltage V.

SOLUTION. As total conductance of parallel-
connected conductances is the sum of the individual
conductances, the combination of the two elements
between points a and b is

G,=2+2=4.

This combined conductance is in series with the 1-S

conductance so that total conductance of the circuit

portion from point a through point b to point ¢ is
1 1 1

Gue  Gu | G

GuGi (@)

= =085.
G, +Gie 4+1

or G =

G.. s in parallel with the 2-S conductance between
points a and ¢, and the equivalent conductance seen
by the ideal by the ideal current source is

G.,=20+08=288.
Therefore, the voltage shown in figure 2.28 is

450N non

30\/[(

1on 2

Flgure 2.27. — Circuit for example 2.8.
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Figure 2.28. — Series-parallel conductances for example 2.7.




EXAMPLE 2.8

For the circuit shown in figure 2.29, find the total
circuit current, I,, with the components as shown,
with the 5-Q resistor short-circuited, and with the
5-Q resistor open-circuited.

SOLUTION. For the circuit as shown, the two 10-Q
resistors between points ¢ and d are in parallel and

10)(10
R, = 1000 _ o
10 + 10

This resistance is in series with the 5-Q resistance and
these three elements are in parallel with both the
15-Q and 10-Q resistances between points b and d.
Thus,

Rpa=5+5=10Q

and === =

R. 15 10 10
R,, = 375 Q.
R.. is in series with the 7-Q resistance and
Rue = 7 + 3.75 = 10.75 Q,
and R,,, is in parallel with the 10-Q resistance be-

tween points and a and d; both are across the 120-V
source. Therefore,

R., = (1075Q30) _ 5449
10 + 10.75
and total circuit current is
Ilzl:l_m):zazA_
R 5.18

4q

When the 5-Q resistance in figure 2.29 is short-
circuited or replaced with zero resistance, points b and
¢ are electrically the same. Four resistances are now
in parallel between points b and d; three 10-Q and the
15-Q resistance. Following the same procedure as
before, the equivalent resistance becomes

R.=4939,

and total circuit current is

120

IF
' 493

=243 A.

For the case of an open-circuited 5-Q resistance, the
resistance between b and c is assumed to be infinite,
and the two 10-Q resistances between points ¢ and d
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are disconnected from the circuit. The equivalent
resistance is now

R.” = 5.65 Q,

and the total circuit current is

_120
5.65

IL." = =212 A,

This example illustrates an important concept.
When an element in a circuit is short-circuited, the
equivalent resistance of the cireuit will decrease, and
total circuit current will increase. Conversely, with
an open-circuited element, the equivalent resistance
of the entire circuit will increase while total circuit
current decreases.

Wye-Delta Transformations

Any of the circuits now covered can be reduced to a two-
terminal network, as seen in figure 2.30A. The circuit
receives power from an external source and can contain
resistance, inductance, and capacitance. Such networks are
called passive. For de, only resistance is of interest, and it
can be found from the terminal voltage and current by

R=Y,
I
Numerous circuits can be represented by a two-terminal
arrangement. Other circuits, including several in mine
power systems, cannot be represented in this way, but many
of these can be resolved into the three-terminal network
given in figure 2.308B Even though with three terminals
there now exist three voltages and three currents, the con-
cept of circuit equivalence still holds; that is, voltages and
currents are identical and the circuits are equivalent.

L,oa 70 b 50 ¢
1502
120V TC) 1on 1e)e) 1000
100
s -

Figure 2.29. — Serles-parallel circuit for example 2.8.

V12

e —

o \L 3y

Figure 2.30.—Two-terminal (A) and three-terminal (8) net-
works.
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For three-terminal networks, there are two basic circuit
configurations: the wye (y) and the delta (4) (fig. 2.31). The
wye is sometimes called a star, but the term y is standard.
It is sometimes advantageous to replace or substitute the
three wye-connected resistances with another set that is
delta-connected, or vice versa. ’

By using equivalence of input currents and voltages for
wye and delta circuits, delta-wye (or delta-to-wye) and wye-
delta transformations can be derived. Thus for equivalence
of the circuits in figure 2.31,

_ R.R,+RR. + RR,

R. R y (2.45)
R.R, + R.R. + R.R.
be = & , (2.46)
. R,
R.R, + R.R. + R.R.
and - = . 2.47)

R,

In other words, the delta is equivalent to the wye if the
resistances of the delta are related to the wye by equations
2.45, 2.46, and 2.47. Accordingly, with three terminals a,
b, ¢, containing wye-connected R,, R,, R., the circuit perform-
ance is unaffected by replacing them with a delta-connected
R... R,., R... Likewise, for equivalence of delta-to-wye sets,

RubRbc
R.= —m——, (2.48)
Rab + Rbc + Rca

R _ RabRbc (2 49)
- Rab + Rbc + Rca’ .

Rnc be
and Ri=7— {2.50)
R+ Ri. + Ro.

These transformations are useful in allowing three-terminal
circuit reduction because they allow substitution when a
network does not contain either series or parallel elements.
The circuit or circuit portion may not outwardly appear as
three-terminal, and common examples, n and T, are given
in figure 2.32. These are actually delta and wye circuits
drawn in a slightly different fashion. It will be shown in
chapter 4 that delta and wye circuits are the two most im-
portant configurations for power systems. These trans-
formations will be called upon again at that point.

It has already been shown that when circuit elements
are neither all in series nor all in parallel, but have some
other series-and-paratlel arrangement, the elements can be
handled in groups to reduce the circuit to an equivalent
resistance. This important kind of circuit analysis has been
called circuit reduction. Now that delta-wye and wye-delta
transformations have been introduced, the substitution
process can be employed to solve networks that contain
elements neither in series nor parallel. A prime instance
is the common bridge circuit shown in figure 2.33. The
bridge is one of the most used configurations in electrical
instrumentation. The objective here is to find all available
cwrrents and voltage drops in the network, and an overall
solution approach is illustrated in the following example.

g d
Rab i ?—%: Roc
b Rbc C

Figure 2.31. - Wye (A) and delta (B) ¢circuit configurations.

a Mo

C

@
W

Rc
b
W
T
Roc F‘)bc

C

Figure 2.32. - “T” and “z” clrcult configurations.

bo-

Figure 2.33. —Common bridge cirguit.




EXAMPLE 2.9

Consider that the resistances shown in figure 2.33
are as follows:

R,= 5Q R,=10Q Ri=15Q
R,=209 R,=25Q R,=040
Find the equivalent resistance of the circuit between

points a and b.

SOLUTION. The original circuit has been redrawn
in figure 2.344, in which a delta configuration is
clearly defined by points a, ¢, d. The first step for cir-
cuit reduction is to convert the delta to a wye. From
equations 2.48, 2.49, and 2.50,

RudRca

R..+ R. + R

10+ 15+ 5

_ (5)(15)
30

_ 15(0) _
30

. =

and R. =25Q,

R. 5 Q.

This conversion results in the simple series-parallel
circuit in figure 2.34B. Combining the series elements
and parallel branches in the center of the circuit fur-
ther reduces the circuit to that shown in figure 2.34C:

R.+ R, =25+ 20=2259Q,
Ri+Ry=56+25=308,

R - 225)30) _

. 12.9 Q. °
22.5 + 30

The equivalent resistance of the total circuit is then
simply

Raq=Ra+Rx+Rli

1.67 + 129 + 04 = 15 Q.

The total circuit current can now be found using
Ohm’s law; for instance, if

ng - 30 V,
v,

then I, =-_80_o4
R, 15

Finally, Kirchhoff's current and voltage laws and the
voltage and current distribution formulas can be
employed to find currents through and the voltage
drops across each circuit element. For example, if I,
is the current through R,, then

R. + R,
=1
* “R+m+m+m)

30

=2 (—=
225 + 30

)=114 A,

It should be noted that the current through R. is also
I,, but R, does not exist in the original circuit of figure
2.33. Thus, a problem exists in finding the currents
through R,, R,, and R;. One solution would be to solve
for the three potentials among points a, ¢, d and use
Ohm’s law to find the three currents in the assigned
delta connection.

35

Figure 2.34. - Circult reduction of bridge circuit.
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EXAMPLE 2.10

Consider that the resistances shown in figure 2.33
are
R,=15Q R, =15¢Q R, =15Q
R, =20Q R, =259 R,= 10 @
Find the equivalent resistance of the circuit between
points a and b.

SOLUTION. Three identical resistances form a delta
configuration in the circuit, or

R.=R,=R,=1592.

Following the same processes as in example 2.9 for
figure 2.348,

(15)(15)

RR=—"—""—-=52¢9,
15 + 15 +15
Rb=5g
and R, =5Q.

Now, the center resistance of figure 2.34C is

_ 6+ 20)(5 + 25)
5+20+5+ 25

= 13.64 Q,

x

and the equivalent resistance of the circuit is
R.,=5+ 1364 + 10 = 286 Q.

It should be noted that an important situation is es-
tablished where all resistances in a delta or a wye
configuration are equal. If R, is each resistance in
the delta and R, is that in the wye, then from equa-
tions 2.48, 2.49, or 2.50,

_ R,R,
R, + R, + R,
_RA
-5

R,
or R,

The majority of delta or wye configurations used in
power systems consist of identical elements in each
leg.

Much of circuit analysis can be handled by circuit re-
duction, but as circuits become more complex this process
becomes cumbersome. Nevertheless, circuit reduction
should always be used when it produces results more eas-
ily than other methods. There are solution approaches that
are more systematic, and the next two sections discuss two
of these.

Circuit and Loop Equations

Before more general solution methods can be identified,
the meanings of some words need to be clarified. A node
is the position or point in a circuit where two or more
elements are connected. When three or more elements ex-

tend from a node, the node is called a junction. A branch
is a circuit portion existing between two junctions and may
contain one element or several in a series. A loop is a sin-
gle closed path for current. Figure 2.35 illustrates all these
circuit parts.

The following technique, loop analysis, is based entirely
on Ohm’s law and Kirchhoff’s voltage law. The analysis
principle produces n simultaneous equations requiring the
solution of n unknowns, and the unknowns are currents.

In loop analysis it is only necessary to determine as
many different currents as there are independent loops; that
is, the equations are constructed by defining independent-
loop currents. For example, in figure 2.36, the current I,,
flowing out of source V, and through R,, will be around
loop 1. The current flowing from source V, through R, will
be around loop 2. Although not essential, these directions
follow the general convention of assigning all reference
loops clockwise. It is sometimes more desirable to use other
directions, for instance with currents flowing out of a source
positive terminal, but it is imperative that the use of cur-
rents within a specific loop remains consistent after the loop
is assigned.

Notice in figure 2.36 that both I, and I, flow through
R.. Depending on the loop direction, that is, the direction
defined by I, or L, the total current through R, is either
I,-L or I,-1,. Thus if I, and I, can be found, the current
through each circuit element can be determined.

The first task in loop analysis is to use Kirchhoff’s volt-
age law to write equations about each current loop, stating
that the sum of voltages about each loop equals zero. For
loop 1,

0= -V, +RIL + R(I-L). (2.51)
Notice that R.I, equals the voltage drop across R,, and
R.(,—1,) equals that across R,. In the latter case, the voltage
can be taken as R;I, — R,1,, considering that the voltage
produced by I, opposes that preduced by I,. Likewise, for
loop 2,

0=-V,+ Rl + R(@L-1). (2.52)

—

Passive elements

)

) Branch
Junction —~—

Figure 2.35. — Parts of clrcuit.
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Figure 2.36. — Circult demonstrating two Independent loops.




By rearranging equations 2.51 and 2.52,

R.+ RJ), - RI =V,
and _Rbll + (Rb + Rc)IR = Vz:

(2.63)
(2.564)

which are two simultaneous equations with two unknowns,
I, and 1. These can be solved easily by simultaneous
methods.

It should be noted that one additional loop equation
could be written, that for the loop containing both V, and
V.. However, this will not provide another independent
equation. Information concerning the maximum number of
independent equations available will follow shortly.

EXAMPLE 2.11

Find the current through the 1.5-Q resistor in
figure 2.37 using loop analysis.

SOLUTION. Two loops are defined in the figure
where the current through the 1.5-Q resistor is
1, + L. Applying Kirchhoff’s voltage law to loop 1,
0.51, + 1.5(1, + 1) + 1.0I, = 250
and for loop 2,
0.51, + 1.5(1, + L) + 1.0, = 300.
By simplifying these equations,

3I, + 1.5I, = 250,
1.51, + 31, = 300.

Simultaneous solution of these results is
I, =444 A, L, =778 A,
and the current through the 1.5-Q resistor is

I, +1,=1222 A,

To further enforce the concept of loop analysis, again
consider the common bridge circuit, which is redrawn in
figure 2.88 to include current loops. Three loop equations
can be written because there are three possible indepen-
dent loops. For loop 1,

R, — L)+ R, — Iy) + RJI, — V,, =0; (2.55)

for loop 2,

R, - I) + R, +R{, - L) = 0; (2.66)

for loop 3,

R, — Ip) + R, — L) + RJI, = 0. (2.57)
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Figure 2.38. - Bridge circult demonstrating loop analysis.

Again, rearranging,

(R, +R,+R)L, —R]L, - R, = V.., (258
“RIL+®,+R, +R)L — RIL =0, (2.59)
~RJ, - RL + R, + R, + ROL, = 0;  (2.60)

which are three simultaneous equations with three un-
knowns, I, L, and I,. The proper combination of these cur-
rents will yield the current through each branch of the cir-
cuit. The procegs was again to employ Kirchhoff’s voltage
law for the purpose of finding the unknown currents.

Other loops about the bridge could be assigned and will
produce the same valid results. Generally, the particular
choice of loops can enhance a desired result. For instance,
if only the current through R, of figure 2.38 is desired,
establishing one loop current through that resistor would
create a more direct solution.

EXAMPLE 2.12

Using loop equations, solve for each branch cur-
rent in the circuit shown in figure 2.39.

SOLUTION. Applying Kirchhofl's voltage law to
loops 1 and 2 respectively,

20, — L) + 50, — I + 2I, = 56,
20, — I + 10L, + 1(I, + I) = 0.
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As the assigned current for loop 3 passes through an
ideal current source,

I, =6 A.
Therefore, the equations for loops 1 and 2 become
24, - L) + 50, + 6) + 21, = 56,
20, - I)+ 10I, + (I, + 6) = 0,
or oI, — 21, = 26,
—2I, + 13I, = —6.
Solution of the last two simultaneous equations yields
I, =29 A, Lx0A
Each branch current can now be resolved from the
loop currents. For the branch containing the 2-Q
resistor and the 56-V source,
I=1=29A;
for the other 2-Q resistor,
I=1,-L=29A,

and the resistors in the other branches,

Iloﬂ:IngA’
Le=L-L=6A,
I‘Q=13=6A,

Le=1 + I, = 89 A.

A loop equation could have been written for loop
3, but it can only state that the voltage drops across
the 1-Q, 59, and 4-Q resistors in that loop are equal
to the voltage across the 6-A ideal current source,
which is unknown. Such an equation would only
complicate the solution to the problem.

As circuits become more complex and the number of
possible loops increases, a method for determining the
number of required equations is useful. By counting the
number of branches and junctions in the circuit, the follow-
ing expression provides the necessary number of loop
currents:

number of equations = branches — (junctions — 1).

on
MW

20 (224
;
sev () (1) E59(T) (Dsa

20 40
Figure 2.39. — Three-loop circuit for sxample 2.12.

For figure 2.38, there are six branches and four june-
tions; therefore, the number of equations needed equals
6-{4—- D=3

Node Equations

In the preceding analysis, Kirchhoff’s voltage law
established the method of loop equations. Kirchhoff’s cur-
rent law did not receive any attention, yet it was satisfied.
This can be demonstrated with figure 2.38 by taking any
junction and summing the currents through it. Consider-
ing that the currents through R, and R, flow from junction
a’,

IL_IRL_IRQ_:O
or L-Id-Lh)-L =0

hence, L-L+L-L=0.

Kirchhoff’s current law is used directly in node analysis,
and the unknowns are voltages across branches. The tech-
nique by which these voltages are referenced or measured
provides a simplifying procedure for a circuit being ana-
lyzed. Each junction or principal node in a circuit is assigned
a number or letter. Voltages can then be measured from
each junction to one specific junction, called the reference
node. In essence, the reference node is dependent on all
other nodes in the circuit. Node analysis consists of find-
ing the voltages from each junction to the reference node.

The procedure can be demonstrated easily with the
simple two-junction circuit shown in figure 2.40, in which
L, R:, and R. are known. The existing junctions are A and
O, and O is taken as the reference. The voltage from A to
0O is then V.0, and Kirchhoff's current law can be used to
write an equation for junction A:

LL-L-L=0. (2.61a)
By Ohm’s law,
Vio = IbRb
= LR..
Therefore, B Vo _ Vio ~ 0 (2.615)
“ R, R. ’
Since 1/R = G’, I., - VAon - VA()G,; = 0. (2.62)

Equation 2.62 can be further solved for unknown, V.

During the process, an equation was written for each
junction, excluding the reference node. The number of re-
quired equations for node analysis is therefore always one
less than the number of junctions in a circuit.

To illustrate node analysis further, consider the three-
junction circuit in figure 2.41. If junction 0 is taken as the
reference node, V4, and V,, are the unknown voltages. The
reference node, which establishes a reference potential
across the bottom of the circuit, is normally assumed at zero
potential. Accordingly, the double-subscripted voltages are
unnecessary and unknown values can be simply called V,,
and V,. Further, as zero potential is often referenced to
earth or ground, a most convenient reference, figure 2.41
can be redrawn as shown in figure 2.42. These circuit
elements are still connected to a reference node through the
ground symbols, as shown. Hence, each of the circuit
elements is said to be grounded.



Now, applying Kirchhoff's current law to junctions A
and B,

L-L-1,=0 2.630)
~ILL-L,+1=0. (2.63b)

By Ohm’s law, I, = V.G, I, = V.G,

and L =W,- VaG. (2.64)

The last expression is evident because, by Kirchhoff’s
voltage law, the voltage across G. is the potential at junc-
tion A minus that at junction B. Therefore,

Ia - (VA - VB)Gc - VAGb = 0, (265)

L ~ VG, + V,— VG = 0, (2.66)

or (G, + GV, — GV, =L, (2.67)
-GV, + G, + Gy Vs, = =L, (2.68)

which are two simultaneous equations with unknowns, V,,
and V.

The same procedure can be applied to circuits with more
nodes. The foregoing examples have shown only current
sources that are known, but node analysis can also be used
with voltage sources or known voltages. Such is the case
with figure 2.43, where the current through G. is

L = (V4 ~ VoG
IC = (Vc - VB)GC.

likewise,
The analysis procedure can then continue as before. Mixed
voltage and current sources can be handled in much the
same manner, realizing that the current source establishes
the current through the branch in which it is contained.

With both loop and node analysis available, a decision
must be made as to which technique best suits the solution
of a circuit. Simply, the one to gelect is that providing the
fewest equations to resolve. Since circuit reduction may still
lead to the most efficient procedure for some circuits, it
should always be considered.

EXAMPLE 2.13

Use node analysis to find the voltage across the
0.5-Q resistance in figure 2.44.

SOLUTION. The circuit contains three junctions. If
the junction at the bottom of the circuit is taken as
the reference node, A and B can be considered as the
independent junctions. Here, Kirchhoff’s current law
yields

IB - IAB

1,500 A,
1,000 A.

!

The unknown voltages for node analysis are V, and
V3, existing between each independent junction and
the reference node, where

V= IA(]-))
Ve = Ld2).

It can also be noted that

VA - B = IA3(0.5).

39
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Figure 2.41. — Three-junction circuit.

Figure 2.43.—Voltage-source circuit demonstrating node
analysis.
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Figure 2.44. — Circuit for examplies 2.13, 2.15, and 2.16.
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Substituting these Ohm’s law relationships into the
current-law equations produces

1V, + 2(V, — V,) = 1,500,
O.5Va - Z(VA "Vp) = 1,000

Rearranging, 3V, — 2V, = 1,500,
—ZVA + 2.5V3 = 1,000.

Solving these two simultaneous equations gives
V,.=1644V, V,= 1716 V.
The voltage across the 0.5-Qresistance is then
Vy—V,= =72V,
which means that the actual voltage polarity is the

reverse of that used in the solution and shown in the
figure.

EXAMPLE 2.14

Find the voltage, V,, across the 1-Q resistor in
figure 2.45 using node analysis.

SOLUTION. The circuit contains a mixture of cur-
rent and voltage sources. This presents a difficulty
for applying node analysis, as the currents associated
with the voltage sources are not known. However, as
the objective of node analysis is to find unknown
voltages, the difficulty can be eliminated by avoiding
the voltage sources in the solution. This can be done
by assigning nodes on both sides of each ideal volt-
age source, treating both nodes and the voltage source
together, and applying Kirchheff’s current law to both
nodes simultanecusly. For instance in figure 2.45,
nodes 1 and 2 are on both sides of the 6-V source, and
nodes 3 and 4 are associated with the 12-V source.
Each voltage source can be considered a short circuit
joining its associated nodes, and current flow into the
combined source and two nodes equals current leav-
ing the combination. The node-source combinations
are often termed supernodes and are signified in
figure 2.45 by the enclosed dashed lines. Each super-
node reduces the number of nonreference nodes by
one, thus greatly simplifying the application of node
analysis.

Flgure 2.45. — Clrcuit for example 2.14.

Using this concept for the supernode containing
the 6-V source, Kirchhoff’s current law gives

L+L+L=2A

Notice that Kirchhoff’s current law for the 12-V super-
nodes produces the same equation. Assigning junec-
tion 4 as the reference node, the voltages of the cir-
cuit associated with the nonreference nodes 1, 2, and
3 are V,, V,, and V,, where

and Ve=12 V.

Rewriting the current-law equation

y_172+zz+KL;la=()

1 3

or y—’_—672+—v—2+m=0
1 3 6

or V,=4V.

Since V.-V, =6V,

the voltage across the 1-Q resistance is
Vi=4-6=-2V,

which states that the voltage is in the opposite direc-
tion to that shown in figure 2.45.

Network Theorems

Practically any circuit can be analyzed using either
circuit reduction, loop equations, or node equations. There
are also several theorems that allow the simplification of
particular circuits so that these three methods can be ap-
plied mere easily. The most commonly used theorems are

Substitution,

Superposition

Reciprocity

Source transformation,

Maximum power transfer,

Thevinin’s, and

Norton’s.

Substitution has already been used extensively and

simply states that equivalent circuits produce equivalent
results. The remaining theorems are discussed here.

Superposition

The superposition theorem relates that for a linear, bi-
lateral network with two or more electromotive sources
(voltage or current), the response in any element of the



circuit is equal to the sum of responses obtained by each
source acting separately, with all other sources set equal
to zero. Although the word “bilateral” is new, it does not
create problems in de analysis because passive circuits un-
der dc are always bilateral. This concept will be discussed
in more detail later.

The meaning of superposition can be illustrated using
figure 2.46A, a network with two voltage sources. The
theorem relates that

1. If one source is set equal to zero (removing it from
the circuit) and the currents produced by the other source
are found,

2. Then if the second source is set equal to zero and cur-
rents caused by the first source are found,

3. By summing both findings, the results are the cur-
rents with both sources operating.

In other words, by letting V, = 0, as in figure 2.46B, through
circuit reduction,

R, =R, + R.R,
‘" R, +R,
Vv
Il[l] = _1,
R.,
R
Ly = (ﬁ)lltlh
R,
Liy= G =M.
211 Ra + Rs 1111

The second part of the double subscripts is used only to
signify that the currents are caused by source 1. The neg-
ative sign in the last expression is caused by the current
direction assumed in the illustration. The next step is let-
ting V, = 0, thus restoring V, (fig. 2.46C),

R,R.

R. = R, + ———,
R, + R;

V.

I =,

2021 Rez

R,

I = (), (215
(2] R1 + R3 2[2]

R,
qu; = ('_1_)12121 -

R, + R,

Finally, the sums of steps 1 and 2 yield

I, = Iun + Inm, (2.69)
Iz = I2[1] + Iz[z] » 2.70)
L =Ly + L 2.7

which are the currents with both sources in operation as
in figure 2.34A. The process is adaptable (and perhaps more
useful) for circuits having more than two voltage or cur-
rent sources. As with current sources in node analysis, the
unknowns in each step are voltages. Nevertheless, super-
position allows many sources to be considered separately,
and it is of great benefit in the analysis of circuits.
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EXAMPLE 2.15

Use the superposition theorem to find the voltage
across the 0.5-Q resistance in figure 2.44. Note that
this is the same circuit used for example 2.13.

SOLUTION. Following the first step of the superposi-
tion theorem, the 1,000-A current source on the right
side of the circuit will be turned off. The circuit is now
operating as shown in figure 2.47A. Only Lip;; need
be known to solve the problem. Using current divi-
sion for the parallel branches,

Lapiy = 1,500(—3—1;) = 429 A.

Figure 2.47B shows the second step in the problem
solution, where the 1,500-A source is turned off. Now
the current through the 0.5-Q resistor is
2
Lispy = 1,000(5) = —571 A.

Summation of these two findings produces the cur-
rent from A to B with both sources operating.

Liz = Lizcn + Lasgers
I.. =429 — 571 = 143 A.
Thus,
Vs = (—143X0.5) = —72 V.
It is obvious that this technique produces the answer

faster than the process given in example 2.13. How-
ever, node analysis may give a more efficient solu-

tion with other problems.

Reciprocity

The reciprocity theorem states that in a linear passive
circuit, if a single source in one branch produces a given
result in a second branch, the identical source in the sec-
ond branch will produce the same result in the first branch.

hor Rl Ior  rRolew @Ry Ry L@

Figure 2.46.-Circuit for demonstrating superposition
theorem.

15004, lasm g 1000A

—
1,O00-A 1500-A
1.500A Tagy 1 source  source
off oft
A

Figure 2.47.— Circuit In figure 2.44 with sources turned off.

I
A _RBE@ g
(1) 1000A

B
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This reciprocal action is demonstrated in figure 2.48. In
figure 2.48A, if V, produces I, in the branch that goes
through R;, moving V, to the R; branch will produce I, in
the original location of V, (fig. 2.488). The currents I, and
I, will be equal. The dual form of reciprocity has a similar
function in relating a current source to the voltage pro-
duced. The great advantage of this theorem is that a source
may be moved to another location that is more convenient
to analyze.

Seurce Transformation and Maximum
Power Transfer

Before defining the theorems associated with source
transformation and maximum power transfer, it is advis-
able to expand the topics of ideal and practical sources. An
ideal voltage source has been defined as a device whose
terminal voltage is independent of the current that passes
through it. Although no such device exists in the practical
world, it is convenient to assume a resistance in series with
an ideal source as a datum, against which the performance
of an actual voltage source can be measured. This is shown
in figure 2.49 where the performance of a 12-V automotive
storage battery is plotted against an ideal voltage source.
The internal resistance, R., compensates the output volt-
age, V,, for varying load currents, 1,. These currents are
obtained by changing the load, R,. It will be found that with
small current the practical source approximates the ideal
one. But under heavy duty where there are high current
and low load resistance, the output voltage drops substan-
tially. Using the Ohm and Kirchhoff voltage laws,

V,

V; = (———)R,, 2.72

z (R, " RL) ( )
v (2.73)
“"R,+ R, '

V. equals the voltage of the ideal source, which can be found
by measuring the terminal voltage with no load resistance.
The internal resistance, R,, can then be determined by
applying a known R; and measuring V;.

Similarly, figure 2.50 models a practical current source
where R, is the internal shunt resistance. The graph illus-
trates the effect of this resistance: as the load resistance
increases, terminal current decreases. Using Kirchhoff's
current law, it can be shown that

V. = (—mI)I, 2.74
e @.74)
d L=y @.75)

an TR, + R, :

The output of the ideal current source, I, can be found by
short-circuiting the output terminals and measuring the
resulting current. Then R, can be calculated by measuring
V. and I, with a known load, R,. Actually, shorting the ter-
minals of a source is usually unwise because it could dam-
age the real-world source, not to mention being an unsafe
practice.

L, can alsc be determined through source transforma-
tion, which uses the fact that two sources are equivalent
if each produces identical terminal voltage and current in
any load. Therefore, for equivalence of practical voltage and

Figure 2.48. — Demonstration of reciprocity theorem.

T 1 ' !
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I =°r Practical ]
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LOAD (R ), L1

Figure 2.49. — Practical voltage-source model.
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Figure 2.50. — Practical current-source model.

practical current sources, equations 2.72 and 2.73 must
equal 2.74 and 2.75, respectively. It is obvious that both
sets are interrelated. In other words, for load current,

V. _ RL
"R.+R R +R.

1, (2.76)

If equation 2.76 is valid for any load, R,, it must hold that

R, =R, 2.77)
V. =R.I,, (2.78)
where R, = the internal resistance for either
equivalent practical source,
V, = output voltage of ideal voltage source,
and I, = output current of ideal current source.

This relationship is shown in figure 2.51. The two circuits
shown will be named shortly. Source transformation states
that if one source is known, it can be replaced with the
other. Note however that even if two practical sources are
equivalent, the power that the two internal ideal sources
supply and the internal resistances absorb may be quite



different. Notwithstanding, this substitution is helpful in
writing network equations because constant-current sources
are more convenient for node equations, and constant-
voltage sources are best for loop equations. In addition,
the exchange of particular scurces may permit direct cir-
cuit reduction.

EXAMPLE 2.16

Solve the probiem in example 2.13 using only
source transformation.

SOLUTION. Two practical current sources exist in
figure 2.44 between junctions A and O and between
Junctions B and O. Applying equation 2.78 for the left-
hand source,

I.=1500A,
R,.A = 1 Q 3
V.. = 1,500(1) = 1,500 V;

and for the right-hand source,

I. = 1000 A,
R,ﬂ =29Q y
V. = (1,000X2) = 2,000 V.

R.. V.. and R,; Vs describe two practical voltage
sources that can replace the current sources hetween
Jjunctions A and O and junctions B and O, respectively.
Figure 2.52 shows the results of this transformation,
where the circuit becomes a simple locp. The current
from A to B is now

L= 1500 = 2000 _ .0
3.5

and the voltage between is
VAB = ("’143)(0.5) =-72V.

Source transformation also produced results quicker
than node analysis, but again, this might not occur
with other circuit configurations.

In the above solution, practical current sources
were replaced by practical voltage sources. By com-
paring figure 2.44 with figure 2.52, it can be seen that
points A, B, and O exist in both. Caution should
always be taken to ensure that a desired node is not
lost after the transformation.

Sinee load resistance can vary from zero to infinity, some
value of resistance must exist that will receive the maxi-
mum power available from a particular source. It can be
proven, using the concepts just presented, that an indepen-
dent voltage source in series with a resistance, R,, or an
independent current source in parallel with a resistance,
R,, delivers maximum power to a load resistance, R;, when
R: = R.. This is called the maximum power transfer
theorem.

Thevenin’s and Norton's Theorems
These theorems are closely related to source transform-

ation. They can be illustrated by considering the active net-
work (one that delivers power) with two output terminals
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shown in figure 2.53. Here, the internal configuration is
unimportant, but the elements must be linear. The sources
can be either ideal voltage or ideal current.

Thevenin’s theorem states that if an active network
(fig.2.53A) is attached to any external network (fig. 2.53B),
it will behave as if it were simply a single ideal voltage
source, V,, in series with a single resistance, R, (fig. 2.53C).
In other words, the active circuit will appear as a practical
voltage source. Values for V, and R, can be found as follows.
When all internal sources are operating normally and no
loads are connected, the open-circuit voltage across the out-
put terminals equals V,. With all the ideal sources turned
off, a resistance, R,, can be measured at the terminals. This
is because when an ideal current source is turned off, it ap-
pears as an open circuit (an infinite resistance). An ideal
voltage source that is not operating acts as a short circnit,
thus having zero resistance,

This theorem is important because it means that any
linear circuit where the internal components are unknown
can be considered as a constant-voltage source in series with
a resistance. Any circuit reduced to this form is called a
Thevenin circuit.

Norton’s theorem is the corollary to Thevenin’s theorem.
Norton relates that if such an active network is attached
to any external network, it will behave as a single ideal
current source, I, in parallel with a single resistance, R..

The values for V, and R, can be determined by consider-
ing the same linear active network, this time as showmrin
figure 2.54A, with internal sources operating normally. The

0

[— Vg =

— Is R =R,
41‘_0

Figure 2.51. — Source transformation.
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Figure 2.52.-— Clrcuit In figure 2.44 with current sources
transformed to voltage sources.
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Figure 2.53. — Thévenin's theorem.
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output terminals are short-circuited, and a terminal cur-
rent is measured to give the value for I,. R, is found in ex-
actly the same way as in Thevenin’s theorem. The combina-
tion of these elements gives the practical current source
shown in figure 2.54C, which is also known as a Norton
circuit.

The Thevenin and Norton circuits are obviously related
by source transformation so that if one is known, the other
can be constructed. The equations relating the two are
shown in figure 2.55. These theorems are usually employed
when a series of calculations involves changing one part
of a network while keeping ancther part constant. This
manipulation helps to simplify complex computations such
as power-system short-circuit currents.

EXAMPLE 2.17

Find the Thevenin and Norton equivalents for the
circuit shown in figure 2.56.

SOLUTION. Applying Thevenin’s theorem, the
equivalent resistance of the circuit between a and b
with the internal source off is R.. When the 50-V
source is off, it acts as a short circuit, shorting out
the 50-Q resistance in parallel with it. Thus,
R=R, =2+ 1000 _,4
10 + 10

The voltage across a and b with the internal source
operating is V.. Using circuit reduction, the equiva-
lent resistance as seen by the 50-V source with no load
across the terminals a and b is

R, =-2000+10 _ 4,59
50 + 10 + 10

{(Note that this resistance is not R,.) The current
delivered by the source is

=20 _35a,
14.3

and from current division,

50
L=@5==25A.
2 = ( )70

As no current is flowing between terminals a and b,
V. shown in figure 2.56 ig equal to V,,, which ig equal
to V,. Thus,

V.=V, =V, =25010) =25V.

V. and R, describe the Thevenin equivalent, and 1, and
R. represent the Norton equivalent where

L=Yeo2_36a

°= R,

ALTERNATIVE SOLUTION. The definition for R,
in Norton’s theorem is the same as in Thevenin’s,
again,

However, Norton states that if the terminals a and
b are short-circuited, the current through that short
eircuit is L. The short circuif is noted by the dashed
line in figure 2.56. Using circuit reduction, the 2-Q
resistance connected to terminal a is in parallel with
the 10-Q resistance connected to terminal b, or

49@ .. 4 67 o,
10 + 2

The equivalent resistance as seen by the 50-V source
is
(50)(10 + 1.67)

=220 T 0D 9450,
50 + 10 + 1.67

and the current from the source is

1, =20 _598A.

9.46

From current division,

50
L = (6.28) (———————) = 428 A,
= OG0+ 167
and the current through the shorted terminals is
10
=1, =428 =36 A
L (4.28)( 0+ 2)

R, and I, again describe the Norton equivalent.

R, =R., = 7.

— PR R 0
Active 11 Active Externail 1 () External
network| R, a network network 0 network

o ' 5 o
L 1 L

A B c

Figure 2.54. — Norton’s theorem.
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Figure 2.55.—Comparison of Thévenin’s and Norton's
clreuits.

sovi()

Figure 2.56. — Clrcuit for example 2.17.



EXAMPLE 2.18

Determine the Thevenin’s and Norton’s equiva-
lents for the circuit in figure 2.57.

SOLUTION. In the branch containing the 900-V
source, the two 5-Q resistances are in series. If these
are combined into one 10-Q resistance, it should be
quite obvious that two practical voltage sources ex-
ist between junction 1 and the junction connected to
terminal b. Source transformation can be employed
to solve the problem. The resistance and magnitude
of the ideal current source of the Norton equivalent
to the 900-V and 10-Q source are

R =109

900

I:
T

= 90 A.

For the Norton equivalent of the 2,250-V and 15-Q
source,

R, =15 Q,

1, = 2250 _ 150 A,

15
Figure 2.58A shows the voltage sources transformed
to practical current sources. Notice that junction 1 and
the junction associated with terminal b still exist. Be-
tween these two terminals, the 90- and 150-A sources
are operating in paraliel, and the 10- and 15-Q
resistances are connected in parallel. Combining these
ideal current sources and resistance results in the cir-
cuit of figure 2.58B. Again, notice that the afore-
mentioned junctions are retained. Converting the
60-A and 6-Q current source to its Thevenin equiva-
lent produces the circuit in figure 2.58C. The 6- and
4-Q resistances in series with the 360-V are combined
in figure 2.58D. The 360-V source and 10-Q resistance
form a practical voltage source between terminals a
and b, and this is converted to its Norton equivalent
in figure 2.58E. Here, simple combination of the two
parallel 10-Q resistances yields one answer to the
original problem and is shown in figure 2.58F. The
remaining answer, the Thevenin equivalent, is in
figure 2.58@G, obtained by source transformation of
figure 2.58F.

To summarize the preceding sections, the fundamental
laws and parameters were first applied to circuits under
the influence of de. Expanding upon these laws, several
circuit-analysis techniques and theorems were covered. Be-
cause only dc was considered, resistance was the only cir-
cuit element of interest. As will be shown shortly, most of
this theory is also valid for circuits acting under current
forms other than dc, where inductance and capacitance may
also enter into the picture.

TIME-VARYING VOLTAGES AND CURRENTS

As the name implies, the magnitude of time-varying
voltages and currents may not be constant with time. Con-
sequently, the instantaneous values of the voltage and cur-
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Figure 2.57. — Active circult for example 2.18.
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Figure 2.58. ~ Circuits lllustrating solution steps to example
2.18.

rent waveforms, v and i, must be considered. Both v and
i are functions of time, as they were when originally intro-
duced in this chapter, and they can assume any form from
constant to the most complex. Figure 2.59 presents just a
minor sampling of time-varying waveforms to illustrate
their general characteristics.

As with de, the method for analyzing circuits that have
time-varying current and voltage is first to form a model
of the circuit, then to apply the fundamental laws and rela-
tionships. Unlike dc circuits, a differential equation usu-
ally results. To demonstrate the effect of time-varying and
current on circuit elements, this section will first consider
a special waveform, steady alternating current (ac).
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An example of a steady-state ac waveform is provided
in figure 2.60. The repetitive nature of this sinusoidal func-
tion can be expressed mathematically as

i = L,cos(wt) (2.79)
where 1 = current at any time, t,
I. = crest or maximum value of current, a
constant

[
i

radian frequency, rad/s.

The term sinusoid or sine wave is used collectively to in-
clude cosinusoidal or cosine-wave expressions. The above
equation could also use a sine function, but the cosine is
employed for convenience when referring to current.

It can be seen in figure 2.60 and equation 2.79 that the
instantaneous value of current repeats itself every 2n rad
or 360°; that is, the waveform goes threugh one complete
cycle every 2rn rad. The number of cycles per second is w/2n
which is defined as the frequency, f, of the waveform or

f== 2.80
o (2.80)
or w = 2nf. (2.81)

The units of frequency are hertz (Hz). One hertz is equal

to 1 cycle-per-second (cps), an expression whose use is now

obsolete. The common power frequency in the United States

is 60Hz, for which w = 377 rad/s, or just simply w = 377.
A more general form of ac is

i = I,cos(wt + 8), (2.82)

where @ = phase angle.
Instead of expressing the phase angle in radians, such as
n/6, angular degrees, 30°, are customarily used. By adjusting
8, the sinusoid can be moved left (increasing 6) or right
{(decreasing 6. Such movement is illustrated in figure 2.61.
Using the earlier technique of developing differential
equations through circuit analysis, steady ac can be applied
to pure resistance, inductance, and capacitance to observe
what happens.

Alternating Current Through Resistance

Figure 2.62A shows a resistor of resistance R. From
equation 2.79, if the current through this element is

i = I cos(wt),

by Ohm’s law, the voltage developed across the resistor is
v = Ri
or v = R(l.cos(wt)) = V,.cos(wt), (2.83)

V.. = RlL. = maximum or crest value
of voltage waveform, V,

where

Figure 2.628 shows both voltage and current as functions
of time. At every instant, v is proportional to 1, and v and
i are said to be in phase. When two sinusoidal waves are
compared for phase in this manner, both must be sine waves
or cosine waves; both must be expressed with positive amp-
litude and have the same frequency.
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Figure 2.59. — Some time-varying electrical waves.
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Figure 2.62. — Steady ac through resistance.



Alternating Current Through Inductance

Suppose that current through the pure inductance of
figure 2.63A is again as in equation 2.79. The voltage across
the element is

_ 4
dt
or v o= LE(I,,.cos(mt))
dt
or v = LI,,.dc—os(w—t).
dt
Differentiating, v = —wLL.sin{wt)

or v = wLlcos(wt + 90°) = V,cos(wt + 90°), (2.84)
where V,, = wLl. = maximum or crest voltage.

The term wl is used so frequently that it is provided with
a special name, inductive reactance, and is designated “X,”
where

X = wL =2nfL (2.85)
and V. =LX. (2.86)

Figure 2.63B compares equations 2.79 and 2.84, with i and
v as functions of time. Here, it can be seen that the current
crest is reached at a later time than the crest voltage. The
current waveform is said to lag the voltage waveform by
90°. The phase angle is called lagging.

Alternating Current Through Capacitance

Consider the capacitance shown in figure 2.64A, and let
the voltage across it be

v = V.cos(wt). (2.87)
The current through the capacitor is then
. dv
=Y
T
. _ ~d
or i = CHV.cos(wt)).
dt
Differentiating, 1= —wCV.sin(wt)

or i = wCV.coslwt + 90°) = L.coslwt + 90°), (2.88)

where I, = wCV,, = maximum or crest current
through the capacitor.

As with the inductive resistance, wC is also provided a
special name, capacitive susceplance, and symbol, “B.” Thus,

B = «wC = 2nfC (2.89)
and 1.= BV,. (2.90)
The relationship between the current and voltage wave-

forms (fig. 2.64B8) is the reverse of the inductance situation;
the current waveform is now leading the voltage waveform
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A 8
Figure 2.84. — Steady ac through capacitance.

by 90°. The phase angle is also called leading. The impor-
tance of current and voltage waveforms being compared for
lagging and leading phase angles will be brought out later
in this and the next two chapters.

Time-Varying Equations

The preceding discussion considered voltage and cur-
rent to be steady sinusoids. But what if they are allowed
to have any form? To illustrate the consequences, the fun-
damental laws and parameters can be applied to the sim-
ple series RL, RC, and RLC circuits shown in figures 2.65,
2.66, and 2.67, respectively.

For the series RL circuit, using Kirchhoff’s voltage law

v =vg + v

Substituting in the relationships for voltages across resist-
ance and inductance,

. di
= + L—. 2.91
v = iR Ldt (2.91)

Now for the series RC circuits,
v =vg+ ve
Applying the elementary laws,
v=iR + % [ idt + e, (2.92)
The differential equations 2.91 and 2.92 are valid for any
voltage and current, no matter what form. As before, V,
is the initial charge on the capacitance.

Considering figure 2.67, which shows the series RLC
combination,

Vv =Vp+ VLt Vg

_mardL L
thus, v=1iR + Ldt + G jo idt + V,. (2.93)
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To arrive at an equation that is easier to handle mathe-
matically, equation 2.93 can be differentiated once:
dv di di o i

dt Rdt + LE + o + 0. (2.94)
This equation again describes or models the circuit for all
electrical situations, as no restrictions have been placed on
voltage and current.

The preceding has shown that when voltages and cur-
rents represent any form, the application of circuit rela-
tionships results in a differential equation. Through clas-
sical differential-equation methods, such equations can
provide the required solution, but these techniques will not
be shown because it can confuse the understanding of the
vital aspects of electrical fundamental methods.

——

TN
) RE vk

Figure 2.65. — Simple serles RL circuit.
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Figure 2.66. — Simple series RC circult.
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Figure 2.67. — Simple serles RLC clrcuit.

Transients and Circuit Response

Solution of these equations for all situations yields the
complete response of the circuit. For linear circuits, the solu-
tion will have two parts: forced response and natural
response. The forced or steady-state response can be attrib-
uted directly to the applied source or forcing function. This
is the action of voltage and current within the circuit if no
changes or disturbances are made. The natural or transi-
ent response is a characteristic of the circuit only, not a
result of the sources. Such action oceurs when a circuit is
disturbed by a change in the applied sources or in one of
the circuit elements. After the change, the circuit currents
and voltages undergo transition from their original state
to the point where their action is again steady state. The
time period involved is normally very short, and the occur-
rence within the transition is called a transient.

For simplicity, the forcing functions mentioned earlier
in this chapter were dc, and in network analysis the study
was devoted only to resistive circuits and de sources because
here only the forced response is present. When both induc-
tance and capacitance are circuit elements, both forced and
transient responses can be encountered. However, knowl-
edge of circuit transients is not required when considering
steady-state voltages and currents, as was seen in the case
of steady ac. By far the majority of mine power problems
only require knowledge of steady-state circnit currents and
voltages, and it will be shown that even though inductance
and capacitance might be present, as long as only the
steady-state response is considered the solution of differen-
tial equations is not needed. However, transient circuit
responses are an extremely important input in the design
of mine power systems, and they will be explained in de-
tail in chapter 11.

It has been shown in this section that any resistor, in-
ductor, or capacitor carrying a sinusoidal current has a
sinusoidal voltage developed across it. Furthermore, the
sum or difference of two sinusoidal waveforms with the
same frequency is another sinusoid. From these concepts,
it can be shown that for a steady-state circuit, if voltage
or current at any part of a linear circuit is sinusoidal
(alternating at a particular frequency), voltages and cur-
rents in every part of the circuit are sinusoidal with the
same frequency.

STEADY ALTERNATING CURRENT

The form of steady ac has already been shown and used
in the analysis of simple ac circuits, but here the concepts
of steady-state ac circuit analysis are introduced. This
necessitates a review of a familiar but easily forgotten sub-
ject, complex algebra.

Real numbers such as 2, 4, and n are easy to understand
in terms of physical things. Any mathematical operation
on these numbers always results in another real number,
except when the square root of & negative real number is
taken. The term v —1 cannot be satisfied by any real
number. Therefore, the square root of any negative num-
ber is called an imaginary number. Mathematicians dis-
tinguish imaginary numbers by writing “i” in front of them,
but to avoid confusion with the symbol for current, electri-
cal engineers uge the symbol “j” where

i=vV-r



Addition or subtraction of imaginary numbers yields
another imaginary number. Yet, when an imaginary num-
ber is added to a real number, a complex number is created.
These have the rectangular form, x + jy (for instance,
3 + j4), where x is the real part and y the imaginary part
or if

Z=x+jy,

then Re[Z] = x  Im[Z] = y. (2.95)

Complex numbers can be represented graphically by a
pair of perpendicular axes as shown in figure 2.68. The
horizontal axis is for real quantities, the vertical one for
imaginary. Considering x + jy, if y = 0, the complex num-
ber is a pure real number and falls somewhere on the real
axis. Similarly, if x = 0, the complex number (now be-
ing purely imaginary) exists on the vertical axis. Hence,
complex numbers encompass all real and all imaginary
numbers.

In the case of the rectangular forms

Z =x+jy,
W =u +jy,

the following common definitions and mathematical opera-
tions of complex algebra are applied.

1. Two complex numbers are equal if and only if the
real components are equal and the imaginary components
are equal:

Z=W,IFFx=uy=v.

2. To sum two complex numbers, the real and imaginary
parts are summed separately:

Z+W=x+u+jy+v

3. The product of a real and an imaginary number is
imaginary:

x(y) = jxy).

4. The product of two imaginary numbers is a negative
real number:
) Gv) = —yv.

5. The multiplication of two complex numbers follows the
rules of algebra (note, an easier way to perform the multi-
plication will be shown):

(X+jy) (u+jv) = xu + jxv + juy — yv
= {xu — yv) + jixv + uy).

6. By definition, the conjugate of a complex number is
formed by changing the sign of the imaginary part. An
asterisk denotes the conjugate:

Z=x+jy becomes Z¥ = x — jy.
7. For division, the numerator and denominator are
multiplied by the conjugate of the denominator (again, an

easier method exists):

x+jy _x+tjytijv_ xu—yv)+j(uy+xv)
u—jv u-—jve+jv @+ v uw + v?

Besides the rectangular, there are three other general
forms of complex numbers: trigonometric, polar, and ex-
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ponential. Figure 2.69 illustrates the conversion of rectan-
gular to trigonometric or polar forms where

Z=x+jy. (2.96)
The absolute value of Z is represented by “r,”” and

X = rcosf,
y = rsiné,

where 8 = tan™ (),
r=(x*+ y’!)(”’. 2.97)
Hence, the trigonometrical form of the complex number is
Z = r{cos@ + jsind), (2.98a)
with the conjugate
Z* = r{cosf — jsind). (2.985)

The polar form is widely used in circuit analysis and is sim-
ply written as

Z=rl0 (2.99q)
and the conjugate,
Z* =r|-8 (2.995)
Euler’s theorem states that
cosf + jsinf = e”. (2.1000

1B
2
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Fligure 2.88. — Graphlical repressntation of complex number.
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Figure 2.89. = Trigonometric or polar representation of com-
plex number.
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This expression allows a complex number to be written as
an exponent, the exponential form,

Z = r(cosf + jsinf) = re* (2.100a)

and Z*¥ = re P, (2.1000)

All four complex forms are therefore identical or
Z = x + jy = r{cos@ + jsing) = r|6 = re”.

The form should be selected that gives the easiest
mathematical manipulation of complex numbers. For ad-
dition or subtraction, the rectangular expression is best, but
maultiplication and division are much more convenient when
the number is in exponential or polar form, the latter be-
ing the most used. For instance, in polar,

2.4, = l‘,|9 rz'i = r1rz|9 + ¢
Z, rl¢ _n 9— 4,

Z, ¢ T

and in exponential,

2,2, = (r,e”)(r,e"*) = T, r e/,

o
2y e = n I

Z, re* o r,

It will be shown shortly that circuits containing resist-
ance, inductance, and capacitance can be represented by
complex numbers, and that the solution of these circuits
under steady ac will use complex algebra. This can be done
with almost as much ease as the dc circuit analysis pre-
sented earlier.

EXAMPLE 2.19

Find the answer to the following expression in
polar and rectangular form:

(2 + j6)(18 |21°).
(1.63))(2.6 + j1)
SOLUTION. Both the numerator and denominator
of the above expression are multiplications of complex
quantities. For ease of solution, the rectangular term
should be converted to polar. This results in
(6.32171.6°)(18|21°)
(1.63]90°)(2.79)21°)

(6.32)(18)
——————— |71.6° + 21° — 90° — 21°
(1.63)(2.79)

or 25|—-18.4°.

Efiective Alternating Current

The power available in the outlets of U.S. homes is a
very familiar quantity: it is sinusoidal, having a frequency
of 60 Hz and a voltage of 115 V. But what does 115 V actu-
ally stand for?

The voltage waveform, being a sinusoid, is not constant
with time. Therefore, the voltage is certainly not instan-
taneous. If a measuring device could be connected to an
outlet in order to visually observe the waveform, it would
be found that “voltage” is not the maximum value, V,, be-
cause this waveform crest is 115y/ 2 or 162.6 V. “Voltage”
does not describe an average value either, because the
average of a sine wave is identically zero. As another resort,
the average throughout one positive or one negative half-
cycle of the waveform could be calculated, but the result
gives a measurement of 0.637 V,, or 103.5 V. To discover
the meaning of the term voltage, the reason for measuring
the voltage must be considered. In any system, current and
voltage are defined in terms of what they will do. Conse-
quently, the voltage is the effective value of the sinusoidal
waveform. It is a measure of the effectiveness of the volt-
age source in delivering power to a resistive load. The
effective value is called root-mean-square (rms).

In order to understand rms measurements, it is neces-
sary to return to the concept of instantaneous power, where

P = Vi

If the power was being developed across a resistance, R, it
was shown that

p = 1*R
d =
an P=5

These equations have little practical value for ac as they
represent the value of power for a particular instant and
in ac this is ever changing. A more effective measure for
the value of power is based on the fact that power is the
rate of doing work. A reasonable measure is then the ave-
rage rate or average power. For average power, P, consumed
by the resistance, R,

P = ave(p) = ave(i’R) = (ave i*)R

v* ave v2
and P=ave = (———)

R R

Average power is then an effective way to measure or
quantify ac voltage and current. It has already been seen
that the units of voltage and current in dc are easy to com-
prehend; the magnitudes are constant with time, and their
ability to deliver power is constant. Therefore, it is appro-
priate to equate ac and dc rates of work, P,, and P, re-
spectively, in order to determine an effective measurement
for alternating voltages and currents:

P, =I2R = P,, = (ave i*)R

or I = (ave i¥)
or I = V(avei? = rms current. (2.101®
Employing the same procedure,

V = \/(ave v?) = rms voltage. (2.1014)

Current and voltage in ac are therefore expressed as the
square root of the mean-square values or rms. They are
sometimes written 1., and V... It can be shown from the
voltage and current waveforms (that is, substituting



L.cos(wt + 6) into equation 2.101a and similarly for voltage)
that

Im
I..= or L. =V I 2.102a)
o 2
d v V- Vo=v o V (2.102b)
an rms — or m = rmse .
5 2

Root-mean-square currents and voltages are used so
often that they are directly implied when referring to an
ac magnitude. They are almost always used in calcula-
tions. For simplicity, the subscripts of V... and I,,, are
eliminated in practice, and just V and I are written to in-
dicate rms voltages and currents. All common ac voltmeters
and ammeters are also calibrated to read rms values.

The preceding analysis of average power concepts ap-
plies only to resistance. Average power in the steady state
supplied to either a theoretically pure inductance or pure
capacitance is identically zero. This can be proved by inte-
grating instantaneous power to these elements to obtain
an average. The results show that the energy received dur-
ing one-half cycle is stored and then transferred back to the
source through the balance of the cycle. The stored energy
in the capacitance is greatest at the maximum of the volt-
age wave, while in the inductance it is maximum at the
current-wave crest.

Phasors

A steady-state sinusoidal current or voltage at a given
frequency is characterized by only two parameters: ampli-
tude and phase angle. This can be seen in figure 2.70A4,
which shows two voltage waveforms separated by a phase
angle. An ac quantity may also be represented graphically
by a phasor, illustrated in figure 2.708. The phasor is a
continually rotating line that shows magnitude and direc-
tion (time). In this figure, the phasor is assumed to have
a length representative of V,,, rotation about point 0, and
an angle increasing with time according to 8, = wt + 8. The
figure shows the line as if a snapshot had been taken, freez-
ing action. The alternating quantity, V.cos(wt + 8), is the
projection of the phasor on the horizontal axis. In other
words, as the phasor in figure 2.70B rotates, a plot of its
projection on the horizontal axis with time reproduces the
waveform in figure 2.70A. The phasor length shown here
represents crest voltage but does not necessarily need to
be equal to it. It is common practice to draw phasors in
terms of effective (rms) values. Although voltage has been
employed as an example, phasors can also represent sinu-
soidal current, among other things.

Voltage and current phasors are both illustrated as
rotating lines in figure 2.71A, where

v = V,cos (wt + $),

i = I.cos wt.

To show both current and voltage, two phasors can be
drawn, with one of them advanced by the phase angle, $.
Both lines rotate indefinitely about the axes, and one line
will always lead the other in the same relative position;
therefore, the axes are superfluous and need not be drawn.
Since it is necessary to orient the phasors at a specific
point in time, a convenient instant is selected as a reference.
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For example, in figure 2.71B the phasor is shown where
the current phasor angle is zero. Here, the current phasor
is termed a reference phasor, and all other phasors are
drawn relative to it. Either voltage or current can be
selected as the reference.

A phasor may be expressed in several ways. To illus-
trate the most used expressions, consider figure 2.724,
which shows one phasor displaced from the horizontal by
an angle, wt + 6. Recalling complex algebra, the horizon-
tal axis can be assigned as a real axis and the vertical as
the imaginary axis. The phasor, V, is then the sum of the
real and imaginary components,

V. and V..,
or V=V,+ V.. (2.103)
I [
E V1 V2 /r’ \‘\
=1 7 Y
5 / g
H Wi+

T

Ok—«.—-v—-—’
Vi cos(wt+8)
/

Phase RS T
angle

A &

Figure 2.70.—Sinusoid versus time (4) and as phasor (B).
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Figure 2.71.—Phasor representation of current {(A) and
voltage (B).
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Figure 2.72.—Other exprassions for phasors.
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Figure 2.72B clearly illustrates the rectilinear form of
equation 2.103. The real and imaginary components of the
phasor are

V.. = Veos(wt + 6), (2.104a)
V.. = jVsin(wt + 8), (2.104b)
Thus V = Veos(wt + 8 + jVsin (wt + )  (2.104¢)
or V = Vicos(wt + 8 + jsin (wt + 8). (2.104d)

V is used to signify that the voltage is a phasor, and once
more the imaginary operator, j, signifies that V., exists
on the imaginary axis. Accordingly, the phasor may be
considered as the vector sum of two phasors at right angles
to each other. Applying Euler’s theorem (equation 2.100)
to equation 2.104d,

V = Veiter + ® (2.105q)

or V = Verreh, (2.105d)
The factor, e, is superfluous, as it contains no unique
information about the phasor, and it can be suppressed:

V = Ver, (2.106)
This is called the exponential form of the phasor. Thus equa-
tion 2.105¢ can be expressed in polar form,

v=V]e. (2.107)
These phasor forms are very useful in solving ac cir-

cuit problems. The terms phasor and vector are often
interchanged.

Phasors and Complex Quantities

When introducing the action of time-varying sinusoids,
certain voltage-current phase-angle relationships were
found to exist for pure resistive, inductive, and capacitive
circuit elements. In general, if a steady-state sinusoidal
current has the time-domain form

I = I,coslwt + ), (2.108a)

and voltage,

V.cos(wt + $), (2.1085)

v

current is said to be lagging voltage by the phase angle,
$—8 (or conversely, leading voltage by the phase angle,
8—4¢). Using the exponential and polar phasors, this current
and voltage can also be stated

I=1Ieiter*® I=1Ie"or =10 (2.109q)

and V=Vetr+» V=Ver,orV=I¢ (2109

where I and V = rms values of current and voltage,
respectively.

Before steady-state circuit analysis can be performed,
pure circuit elements must again be considered, this time
to analyze the voltage-current relationships using complex

quantities. Equations 2.108a and 2.1084 are assumed to
represent the general current through and voltage across
each element.

EXAMPLE 2.20

A circuit has the following voltage and current
waveforms applied across and through its terminals:

v = 282.8 cos (377t — 20°),
i =42.4 cos @77t + 25°).

Write the phasor expression for voltage and current.
What is the phase angle between current and voltage?

SOLUTION. The two given expressions are in the
time domain, where for the voltage,

V,=2828YV,

¢ = —20°,
and for the current,

I. =424 A,

g = 25°.

The phasors for voltage and current are then,
respectively,

- V
V=—"-|¢=200]|-20°V,
< I

I= | 8 =30]25° A,

<

The current waveform is leading the voltage wave-
form, and the phase angle between current and
voltage is

¢ — 0= -20° — 25° = —45°.

If sinusoid current is applied to a resistance, R, the
voltage across it is

v = Ri.
Applying the general time-domain expressions,
V.cos(wt + ¢) = Rl.cos(wt + 8)
or in exponential form,
Veit=re) = Rlgftend,
Suppressing e/,
Ve = Rle”,

or in polar form,

V¢ =RIJo.



In phasor form, V |¢ and I |9 are the phasor polar
representations,

V=RL (2.110)
This is the same relationship that exists for time-varying
waveforms and de. It is apparent that angles 8 and ¢ are
equal and that voltage and current are in phase (fig. 2.73A).

Suppose the same general forms of current and voltages
were applied to a pure inductance where, as before,
v =1 di,
dt

then, using the general exponentials,

; d .
Veitets) = [ —(left=m),
at ¢ )

Differentiating (¢” is a constant with time),
Vel = jgLle/ter,
and suppressing e,
Ve'* = jwLle”.

Thus, in phasor form,

V = jwlLl. (2.111)
The imaginary operator, j, denotes a +90° displacement of
voltage from current; such as illustrated in figure 2.73B.
In general, if the current phasor has an angle, 8, the voltage
phasor angle, ¢, is 8 + 90° for a pure inductance.

For a pure capacitance,

j=cdv
dt

Employing the same process to find equation 2.111,

I=juCV. (2.112a)

or V= 1 = . @.112b)
jwC wC
In this case, —j indicates a —90° displacement of the voltage
phasor from current, as shown in figure 2.73C.
Now that the phasor relationships of the fundamental

elements have been covered, the stage is set for impedance
transforms.

Impedance Transforms

The current-voltage relationships for the three fun-
damental elements have been found using phasors, as

I

joC’

= RI, V = joLl, i

<l

These can be rewritten as voltage-phasor to current-phasor
ratios:

1
joC

i<t
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A very important quantity, impedance, signified by Z, is
defined as the ratio of the phasor voltage to the phasor cur-
rent for a circuit or

Z=

—i<|

(2.113)

This expression is often called Ohm’s law for ac circuits.
Impedance is a complex quantity with dimensions of ochms,
but it is not a phasor. Therefore, the impedance of the pure
passive circuit elements, resistance, inductance, and
capacitance, are respectively

, 1
Zy = joL, Z¢=- ok

Jw

Zz = R, (2.114)

These can be applied directly to circuit analysis when a cir-
cuit is in steady state. In other words, element impedances
are employed to convert or transform a time-domain circuit
madel into a form in which the circuit can be analyzed us-
ing only complex algebra. Hence the expressions of equa-
tion 2.114 are called impedance transforms, and the
transformed mathematical model is then in the impedance
{or jw) domain. As a result, no differential equations are
used to solve a steady ac circuit.

All previous fundamental theorems, laws, and circuit-
analysis techniques also apply to steady ac circuit analysis
using impedances. Thus, an ac circuit representation in the
impedance domain is analogous to a de¢ circuit model. On
the other hand, the concept of impedance has no meaning
in the time domain with time-varying voltages and currents.

To demonstrate these concepts, consider the simpie RL
circuit in figure 2.74A, now with a complex voltage source,
that is, a steady-state sinusoid defined as a phasor. Here,
the current through the resistance and inductance is the

phasor, I; therefore,

Vs = IR,
V. = TjwL.
\Y4 aQ° ’ I
I Vv
—
o9 1 v

Pure inductance:
T lags V by 90°

Pure resistance
V and T in phase

Eure capacitance:
T leads V by 90°

A g c

Figure 2.73.—Voltage-current phasor relationships for cir-
cuit elements.

- VR Y
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- 8 a,
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A 8

Figure 2.74.—Steady sinusoid analysis of simple RL series
circuit.
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By Kirchhoff’s voltage law,
V=V.+V,
or V = IR + JjaL = IR + jwL).
The impedance (equivalent) of the entire circuit is then
Z= ¥ =R + jwL. (2.115)

Because impedance is a complex quantity, it also has a polar
form:

7 = |Z| |o, (2.116)
where |Z| = (R* + (“’L)s)%, magnitude of impedance, Q,
and 0 = tan“(w—L).
R

A phasor diagram for the circuit current and voltages is
given in figure 2.74B8. Note that as current is common to
both elements, it could be used as the reference phasor.
Here, voltage across the resistor, Vy, is in phase with cur-
rent, while that across the inductor, V., leads current by
90°. The total circuit voltage, V, can be resolved noting that

V=VR+VL=VIQ,
where V = (V;* + VLg)%, magnitude of source voltage, V,

d 6 = tan (=2
an an Y{(-—=)

R

This last angle is identical to that found for the impedance.
It should be noted that the current and voltage relation-
ships for the inductor are as those found previously when
time-domain voltages and currents were considered.

Now consider figure 2.75A, which shows a simple RC
series circuit in which

Ve = IR,
<. 1 . T
V=l(—)= —j—,
¢ (ij) ']mC
T-TR_ L _T® - -
and \'% R oG IR wC)'
The impedance becomes
_V_p_d _p, 1
Z= T R oC R+ TC 2.117)

Figure 2.75B, the circuit phasor diagram, shows the current-
voltage phase-angle relationships with the voltage across
the capacitor now lagging that across the resistor.

Continuing the process for an RLC series circuit (fig.
2.76A), the voltage across each element is

Ve = IR.
V. = Tjwl,

- -1
Vo= I(ij)'

T W Ve
-— e T _F =
— W] RIR I
o Ro¢ g !
v i
- = 1
Ve =-jIXeY - v
A g

Figure 2.75.-—~Steady sinusoid analysis of simple RC series
clrcuit.

Figure 2.76.—Steady sinusoid analysis of simple RLC series
circuit.

and across the entire cireuit,

V=V.+V. + V%

or V= TR + TjuL + kL, 2.118)
jwC
with the circuit impedance,
. 1
Z =R + joL + —=
@ jwC
or 7 =R + jlwL — -, 2.119)
wC

The foregoing gives the essence of impedance transforms.
Each impedance shown in equations 2.115,2.117, and 2.119
is the equivalent impedance of that circuit and has the
general form

Z=R+jX=|Z| |86

where R = resistance component, @,

X = reactance component, &,

|Z} = (R? + X*)%, magnitude of impedance, Q,
and 6 = tan™(X/R).

Here, depending on the pure circuit elements, the reactive
component, is

X = wl: = inductive reactance, Q,

X= A capacitive reactance, @,
wC

X=wL- % = reactance for series LC elements, Q.
w



From this equation, it can be seen that resistance is con-
stant while reactance is variable with frequency.

The time-domain expression found for a general series
RLC circuit can be used to clarify the transformation
process:

. di 1 .
v—1R+LE+EJ;1dt+V.,. (2.93)

It has been demonstrated in the impedance domain for
steady ac that

V = IR + TjoL + T (2.118)

joC

Accordingly, time-domain differential equations can be
changed to the impedance domain when the circuit is under
steady ac by

1. Replacing v with V (in rms),
2. Replacing i with I (in rms),

3. Replacing d with jw,
dt
4. Replacing [...dt with _L, and
jaw

5. Letting V, = 0.

However, it is a much more efficient approach to ac cireuit
analysis to assign the impedances directly using equation
2.114, and soon more will be stated regarding this.

Admittance

Admittance, which is given the symbel Y, is defined as
the reciprocal of impedance, Z, and

1.
v
The units are now siemens, replacing the previous designa-
tion, mhos. Admittance is therefore a complex quantity, the
real part being conductance, G, and the imaginary compo-
nent susceptance, B, or

(2.120)

Y =G+ jB. (2.1210a)
It should be noted that conductance is not the reciprocal
of resistance unless reactance is zero, likewise for suscep-
tance, reactance, and resistance. In general form, through
equating Y and Z,

_R_,
R* + X*

-X

ndB = —2_ .
R: 4+ X

(2.121b)

Admittance affords basically the same convenience in
steady ac circuit analysis that conductance provides for
parallel dc circuits.

65

Steady-State Analysis

As previously stated, all circuit-analysis techniques that
were covered for dc circuits still apply to steady ac circuits
in the impedance domain. These include network reduction,
Kirchhoff’s laws, loop and node analysis, network theorem,
plus delta-wye transforms. Impedances simply replace
resistances in the concept, and steady ac sources replace
de. Even with de, the impedance domain can be used; in
other words, dc sources can be thought of as steady-state
sinusoids with w = 0. Therefore, with de, reactance has no
effect.

A summary of circuit relationships follows, this time
including impedance.

1. Impedances in series. A single equivalent impedance,
Z,is

Z=Z2, +Z,+Z,+ .... +1Z,. (2.122)
2. Impedances in parallel. A single equivalent here is
1 1 1 1 1
= L 2.123
Z I, Z, % Z, ( :
3. Admittances in parallel,
Y=Y, + Y, +Y,+...Y,. (2.124)
4. Voltage distribution of series impedances,
= fie= = Za_
m=émm=§w“w (2.125)

where V is the input voltage, V, is across Z,, and so on.

5. Current distribution through parallel admittances,

Y- - Y.
L=—=I1==—1....,
Y Y

(2.126)
where I is the total circuit current, I, is through Y,, and
so on, Or parallel impedances,

ILL=—1...., (2.127)

Z
Z,

The overlines are removed on the above impedances and
admittances simply for convenience, but it should be
remembered that all are complex numbers. In essence, ac
cireuits in the steady state can be solved almost as easily
as dc circuits employing only resistance. The major addi-
tion is that the solution now uses complex algebra.
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EXAMPLE 2.21

Consider the circuit shown in figure 2.77, where

5,880 cos (377t + 53.1°),
141.4 cos 377 t.

v
i

The circuit is under steady-state conditions. What are
the values of R and L?

SOLUTION. The phasor representations for voltage
and current are

= _ 5,880
V== 53.1° = 4,158 |63.1° V,
V2|—— |
= 141.4
I =——10° = 100{0° A.
v 2 02 |

The total impedance of the circuit is then

7 -V _ 4158 |53.1

~ 4158 [53.1° @
I 100 [0°

or in rectangular form,
Z =25 + ;33.25 Q.
The real part of this impedance must be the circuit

resistance and the imaginary part equal to total reac-
tance. Thus,

R=2bQ,
X =3325 %,
but X =wL - 03.

Therefore, as w = 377 rad/s,

_ 3325 + 0.3
377

L = 0.09 H.

V1@ L

—)
-j0.3

Figure 2.77.—Circuit for example 2.21.

EXAMPLE 2.22

Find the voltage, V, across the 2-Q resistance in
figure 2.78.

SOLUTION. Circuit reduction appears to be the
easiest way to solve the problem. Noting that w = 377
rad/s, the reactances of the impedance and
capacitance are

X, = oL = (377(0.12 x 10" = 0.045 Q,

Xcz—l‘ L = 0.75 Q.

wC (3T (3,535 x 10

The impedance of the branch containing the im-
pedance is

Z; =R, +jXc =1+ j0.045 @
for the branch with the capacitance
Z, =R, + jXo =1 - 3j0.75 Q.

Combining these two parallel impedances in polar
form,

ZZ, _(1.0(2.58°X1.25 | _36.87°) _
Z,+Z, 2-j0.705

0.59|-14.9°Q,

and the equivalent impedance seen by the 1,000-V
source is

Z..=Z + 059 |-14.9°
=7 + 0.57 — j0.15
= 257 — j0.5 = 2.57 |—34° Q.

Assigning the source voltage as the reference phasor,
the total circuit current is

V. _ L000 |07 _ 440340 A
Z.. 257 |-34° S

L=

The voltage across the 2-Q resistance is then

V = 2l = (2)(388]3.4°) = 777(3.4° V.

Vv
——
_I\AN\I P
20
10 10
1,000V
60 Hz I@

Q12mH

Figure 2.78.—Circuit for example 2.22.




EXAMPLE 2.23

Calculate the current, I, through the branch indi-
cated in figure 2.79 using only loop equations.

SOLUTION. Two loop currents have been assigned
in the figure. Using Kirchhoff's voltage law,

(5 - 51, — 51, = 1,000/0°,
—51, + (5 + j5)1, = 800|0°.

The solution to these simultaneous equations gives

360 + j200 A,
360 — j160 A,

-

L Ll

©

The current through the 5-Q resistance is then

_ I=1-1,
or I =360 + j200 — 360 + j160;
thus, 1=j360 A
or I - 360/90° A.
EXAMPLE 2.24

What are the Thevenin’s and Norton’s equivalents
for the circuit shown in figure 2.807

SOLUTION. Applying either Thevenin’s or Norton’s
theorem, the equivalent impedance of the circuit be-
tween a and b with the internal source off is Z,. When

the steady-state voltage source is off, it acts as a short.

circuit, and the 4-Q and 12-Q resistances are effec-
tively in parallel, and

#)(12) _
4+ 12

3 Q.

This combined resistance is in series with the j10-2
reactance, and the series combination is in parallel
with the —j6-Q capacitance, and

7 =7, = 3 + 1:10)(—-1"6);
3 +j10 — j6
thus, Z,= 12.5|-69.8° = 4.3 - j11.7 Q.

If the terminals a and b are shorted out according to
Norton’s theorem, a short circuit exists across the
capacitance, and the j10-Q impedance and 12-Q resist-
ance are placed in parallel. The equivalent impedance
of the circuit under this shorted condition as seen by
the ideal voltage source is then

7. — a4+ U2G10

» = 10.7|33.5° Q.
12 + j10 =

The circuit delivered by the ideal source is

oY __2500 _ 9333354,
7. 10.7/335° ===
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and the current through the j10-Q reactance and the
shorted terminals is

T T 12

=I,=L=L(—=—
! (12 + j10)
or I, = 2.33|33.5 (412—) = 1.8/-73.3° A.
—— "15.62/39.8° —

Z. and 1, define the components of the Norton
equivalent for the circuit in figure 2.80. By source
transformation,

V., = 1Z. = (1.8|-73.3°)(12.5|-69.8°)
= 22.5|-143.1° V,

which is identical to
Vs = —225|36.9° V.

Z, and V, define the components of the Thevenin
equivalent.

It can be noted in figure 2.80 that the ideal volt-
age source is in series with the 4-Q resistance in one
branch. Therefore, source transformation alone could
be employed to solve the problem.

The use of subscripts in this example did not
follow the format previously used in the chapter. In
other words, Z,, I, and V, described the equivalent
circuits rather than Z, I, and V,. The reason is
that the subscript zero has a special meaning in
three-phase ac circuits, which will be discussed in
chapter 4.

50

ry Y Y YL
1,000]0° vT @ I)g50 @ %\,Dlsoolg’v
i
I\ -

-i5n

Figure 2.79.—Twao-loop circuit for example 2.23.

Figure 2.80.—Active circuit for example 2.24.
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Chapter 2 has introduced the concepts of electrical
circuit analysis. The fundamental laws were covered first,
followed by numerous circuit analysis techniques, which
were applied to de circuits. Steady ac was then presented,
and the chapter concluded with examples of circuit analy-
sis on ac circuits under steady-state conditions. These con-

cepts are fundamental to electrical engineering, regardless
of application. Thus, comprehension of the contents of this
chapter is vital to understanding the following chapters.
The next chapter will continue the study of electrical fun-
damentals, with emphasis on power consumption in ac
circuits.
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CHAPTER 3.—ELECTRICAL FUNDAMENTALS I

The measures of instantaneous power, p, and average
power, P, were introduced in chapter 2. Instantaneous
power does not have application in steady ac circuit
analysis, so the concept of average power has been devel-
oped to gauge the rate at which electricity does work. This
chapter continues to build the foundations for mine power
fundamentals that will be expanded into full comprehen-
gion in chapter 4. There, the discussion will focus on
three-phase power; here, the purpose is to introduce single-
phase power and transformers.

AVERAGE POWER AND POWER FACTOR

To find the average power consumed by a circuit, the
resistance of each element can be examined and all the
individual power consumptions computed. Reactance, ei-
ther capacitive or inductive, does not affect average power.
When all the average powers have been determined, their
sum yields the total average power delivered to the circuit.
Obviously, if the circuit elements are numerous, the pro-
cess can be time consuming, but this approach is some-
times necessary.

If the average power needs to be determined for the
total circuit, it would be more desirable to perform only
one calculation by computing average power in terms of
the terminal current and voltage in the circuit. Yet, when
complex or imaginary components exist in the circuit, can
they be ignored, as this implies? In other words, the
voltage and current waveforms might not be in phase, and
when a phase angle is involved, the product of effective
voltage and current no longer equals average power.
However, instantaneous voltage and current can be used to
calculate average power and to demonstrate what occurs if
a circuit has reactance.

Assume that the following current and veltage are
monitored at the terminals of a circuit:

i = L, cos wt,

v = V_ cos(wt + 0.
Current is taken as reference, and the phase angle by
which voltage leads current is #. The instantaneous power
consumed is then

p=vi=V_I cos(wt + fcos wt.

From the trigonometric identity for the product of two
cosines,

p= V"z‘l'“ (cosf + cos@ut + 6)

me

2

1
or p=Ymln ooq s V’; ™ cos(@ot + 6).  (3.1)

The first term of equation 3.1 is constant, while the second
is a sinuscid. Thus, taking the average to find average
power results in

P = avip) = v,,2,1m cos 0. 3.2)

Realizing that V,, = v2V and I, = V2, average power
becomes

P = VI cos 4, 3.3)

in which V and I are root-mean-square (rms) voltage and
current at the circuit terminals and 8 is their phase angle.
If the voltage and current had been dc values, the average
power would just be the product of voltage and current.
However, when voltage and current are sinusoidal, equa-
tion 3.3 specifies that the average power entering any
circuit is the product of the effective voltage, effective
current, and the cosine of the phase angle.

The function cos ¢ is called the power factor (pf). For a
purely resistive load, the phase angle is zero and the power
factor is unity. Unity power factor may also exist when
inductance and capacitance are present, if the effects of
reactive elements cancel. If the circuit is totally reactive
(either inductive or capacitive), the phase angle is a
positive or negative 90°, the power factor is zero, and
average power must be zero.

COMPLEX AND APPARENT POWER

When there is reactance in a circuit, a component of
circuit current is used to transfer stored emergy. The
energy is periodically stored in and discharged from the
reactance. This stored energy adds to circuit current but
not to average power because average power to reactive
elements is zero. In such cases, the power factor is not
unity. Thus, as no work is performed by the added current,
the power factor can be considered to be a measure of
circuit efficiency or its ability to perform work, and aver-
age power, defined by equation 3.3, is often called active
power or real power.

Power calculations can be simplified if power is de-
fined by the complex quantity shown in figure 3.1, which
is expressed mathematically as

S = P + jQr (3.4)
where S = complex power,
P = real power, as before,
and Q = reactive power or imaginary power.

Imaginary power accounts for the energy supplied to the
reactive elements. If

P = VI cost,
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IMAGINARY

REAL P

Figure 3.1.—Power represented as real and imaginary com-
ponents.

then the magnitude of complex power, S, called apparent
power, is

S = VI, (3.5
and imaginary power is
Q = VIsing. (3.6}

Voltage and current are again rms, and 9 is the phase
angle. Therefore,

S =P +jQ = VIcost + jVIsind
or S = Vl(cosd + jsin®) = VIe® = VI|6. (3.1

Complex power is then simply the product of terminal rms
voltage and current magnitude acting at a phase angle.
Applying dc concepts, the product, V1, is the power appar-
ently absorbed by the circuit, hence the term apparent power.
Apparent power, real power, and imaginary power are di-
mensionally the same, but to avoid confusion with real
power (units of watts), apparent power has units of voltam-

peres, and reactive power uses voltamperes reactive,
When sinusoidal voltage and current have general
form, as in _
v

Vi,

=il
n

Ii¢,

instead of using equations 3.4 and 3.7, the following
expression is more convenient for computing complex
power:

S =VI* 3.8

where V
and I*

complex voltage, V,
conjugate of complex current, A.

Accordingly,
S=VI*=V|§gIl|-¢ = VI§-¢

or 5 = Veile % = VIe/®- ¥,

where #—¢ = phase angle between voltage and current.

EXAMPLE 3.1

When operating under normal conditions, an
induction motor has been found to draw 100 A when
440 V is across its terminals. Current is lagging
voltage by 36.87°. Find the average, reactive, appar-
ent, and complex powers for this load.

SOLUTION. From equation 3.3, the average power
is

P = (440X100) cos 36.87° = 35,200 W.
Using equation 3.6, the reactive power is
Q = (440X100) sin 36.87° = 26,400 var.
Equation 3.5 defines the apparent power as
8 = (440X100) = 44,000 VA,
and equation 3.4 yields the complex power as
S = 35,200 + j26,400 VA.

ALTERNATIVE SOLUTION. If voltage is assigned
as the reference phasor, then

V = 440|0°V,
1 = 100| —36.87° A.

From equation 3.8, the complex power is
S = (44010°X100| - 36.87°)*

or S = (440|0°X100|36.87°) = 44,000|36.87° VA,
where the magnitude is the apparent power, or
S = 44,000 VA,

Converting the polar expression for complex power
to a rectangular form,

S = 35,200 + j26,400 VA,
which yields
P = 35,200 W,
Q = 26,400 var.

It should be noted that the above solutions are
only two of the many possible.




EXAMPLE 3.2

A load consumes 1,250 kW at 0.6 lagging power
factor when 4,160 V at 60 Hz is across it. The load is
connected in series with a (0.71 + j0.71)@ impedance
to a constant source. Determine the voltage and
power factor at the source.

SOLUTION. From the stated conditions, the aver-
age power is

P, = 1,250 kW.

From equation 3.3, the current through the load is
L = i
1V, cost,’

where P, V|, and cosf, relate the conditions for the
load, or

- 1,250,000

I )=501A.

1 = (4,160) (0.8

For convenience, the voltage across the load can be
assigned as the reference phasor, then

V, = 4,160 V,
I = 5019 = 501{-53.1° A.

The load current also flows through the series im-
pedance. Using polar expressions, the voltage drop
across this impedance is

v, =12,
or V, = (501|-53.1°X1]45°) = 501|-8.1° V.

The voltage at the source is then

Vo=V, +V,
= 4,160 + (496 — j71)
= 4,656 — j71 = 4,657|-0.9° V.

The power factor at the source can be found by first
calculating the phase angle between current and
voltage at the source with the current phasor taken
as reference. Here,

05 = 0V - 0[
or 0, = —0.9° — (-53.1°) = 52.2°,

Therefore, the power factor at the source is
cos 8, = cos 52.2° = (.61 lagging.
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Any circuit in steady state can be reduced to the general
impedance

Z=R+iX

16 V jo
or Z =12 |8 = |Z|e* = T e, 3.9
where , 9 = tan‘l(é).

By relating the complex power consumed by a circuit with
this impedance, another useful expression can be found:

S=Vie =1 (¥ei") - 1Z;
hence, S =I*R + jX) = I’R + jI*X.
Because S = P + jQ,
P=I°R, Q =IX (3.10a)
or P = V%R, Q = VUK. (3.108)

In equation 3.10a, the current I is real rms, not complex.
The rms voltages in equation 3.10b6 are those existing
across the individual elements, not across the total circuit.

It may already be obvious that the circuit impedance
angle is identical to the power-factor angle. The following
also apply.

1. If a circuit contains resistance and capacitance (a
capacitive load, Z = R — jX), the current leads voltage, the
phase angle is negative, and Q is negative.

2. If the circuit is an inductive load (Z = R + jX), the
current lags voltage, and the phase angle and Q are
positive.

In either case, the power factor ranges from zero to unity
(purely reactive te purely resistive). A capacitive load is
said to have a leading power factor, an inductive load a
lagging power factor, as illustrated in figure 3.2.

P=VIcosE
AW
Q=VIsin8 S=vI Q=VIsinB
S=VI Leading Lagging
A
P=V1cos

A Capacitive load 5 Inductive load

Figure 3.2.—Illlustration of leading (A) and lagging (B) power
factors.
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The complex power delivered to several loads is the
sum of the complex power consumed by each individual
load, no matter how they are interconnected. This rela-
tionship can be shown using the simple circuit in figure
3.3. The total complex power to the system is

but I=1 +1;

thus, S=Va +1»
=VIF+VI¥E=5+5,

or §=P, +P, +iQ, +jQ.

This has extensive practical significance. For example, if a
circuit has a lagging power factor, a capacitance (with a
leading power factor) can be selected and then placed in
parallel, so as to negate or reduce the total circuit imagi-
nary power (with the capacitance). The net result is to
reduce total circuit current, while the load consumes the
same real power and thus performs the same work. This is
the essence of power-factor improvement.

EXAMPLE 3.3

Consider that the two loads shown in figure 3.3
are induction motors operating as follows:
P, = 50 kW at 0.6 lagging power factor,
P, = 25 kW at 0.8 lagging power factor.
Find the overall apparent power and power factor
when these consumptions are combined.

SOLUTION. The average, apparent, and reactive
power for each load are

P, = 50 kW,
P, _ 50,000
L= oo = T0g = S333KVA,

Q, = S, sinf, = 83,333(0.8) = 66.67 kvar,

P, = 25 kw,
P, 25,000
= = —— = 31.25 kVA,
Sz cosf, 0.8

Q, = S, sing, = 31,250(0.6) = 18.75 kvar.
Complex power is then
S=P +P, +jQ, +iQ.

or 50 + 25 + j66.67 + j18.75

75 + j85.42 kVA.

/2]l
nhn

Apparent power is the magnitude of complex power,
or

S - (Pz + Q2)1/2

+0

<l
o
N

O

Figure 3.3.—Circuit demanstrating sum of complex powers.

The power-factor angle is

ot g

~ Tan~" (%?-) = 48.72°,

and the power factor of the combination is
pf = cos § = cos 48.72° = 0.66.

= (75% + 85.42%9)12 <= 113.7 kVA.

EXAMPLE 3.4

The maximum capacity of a piece of power equip-
ment is rated by apparent power at 500 kVA. The unit is
being loaded by 300 kW at 0.6 lagging power factor. The
power factor must be improved to 0.8 lagging by adding
capacitance in parallel with the equipment. Find the
required capacitance in kilovoltamperes reactive. With
the capacitance in place, find the reserve capacity that is
available from the power equipment.

SOLUTION. For the load on the equipment without the
capacitance,

P, = 300 kW,
P, 300
= 1 = 2= _ 500 kA,
Si cosf, 0.6

Q, = S,sinf, = 500(0.8) = 400 kvar.

It can be said from S, that the equipment is fully
loaded. When pure capacitance is added, average
power remains constant, and only reactive power
and apparent power change. For the desired power
factor, cosd,,

" cosf, 0.8
Q, = S.sinf, = 375(0.6) = 225 kvar.




Consequently, the added capacitance causes the
total reactive power to decrease. The difference
between the reactive power without and with the
capacitance must be the amount inserted by the
capacitance. In other words,

Qc = _(Ql - Qz),
Q = —(400 - 225) = —175 kvar.

The negative sign is used here to indicate that the
capacitance adds negative reactive power to the
system. Finally, the difference between the apparent
power without and with the capacitance yields the
reserve capacity available from the equipment, or

§=8, -8,
= 500 — 375 = 125 kVA.

It can be noted that additional average power can
now be added to load on the equipment without
exceeding its maximum capacity. For instance, con-
sider that average power P will load the equipment
80 that the equipment is again operating at full
capacity. Then, the total average power is

Py = 300 kW + P.
Reactive remains constant,
Qr = Qg = 225 kvar,
and apparent power changes to
Sy = 500 kVA.
Sy = Py + Q%
500 = [(300 + P)? + 22572

Therefore,

Solving for the new average power,

P = 146.5 kW.

RESONANCE
Series Resonance

Earlier, the impedance for the simple series RLC
circuit shown in figure 3.4 was found to be

. 1 ) 1
Z =R + juL +m=R+J(wL “m) (2.119)

A special circuit phenomenon can now be demonstrated
with this equation. There exists one specific frequency, w,,
where total circuit reactance is zero and the circuit imped-
ance is purely resistive, or

1

1
WOL - C =0or Wols = woc

3.11)

@

and Z = R.

o

(3.12)
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At w,, the circuit is said to be in resonance, and

s 1 1
w,® = T Or w,

LC o & (LC)UZ .
Since w = 2f, the resonance frequency, £, is given by

£ 1

o = 21I'(LC)1/2. 3.13)

For a series RLC circuit in resonance, it can be shown that

1. The applied voltage, V, and the resulting current, I,
are in phase,

2. The power factor of the circuit is unity,

3. The impedance, Z, is minimum, and

4. The current, I, is maximum.

At all other frequencies that are significantly higher or
lower than f,, the series RLC circuit appears as a high
impedance. With frequencies below resonance, capacitive
reactance is greater than inductive reactance, so the angle
of impedance is negative (total reactance is negative).
Above resonance, the situation reverses and the imped-
ance angle is positive. This can be seen clearly in figure
3.5 where circuit impedance versus frequency is plotted.
The energy stored in a resonance circuit is essentially
constant, yet the energy level within the circuit may be
many times higher than the energy being supplied from
an external source during any period. The source itself
does not supply any reactive power, only active power. The
reactive power transfers energy back and forth between
the resonant-circuit inductance and capacitance. The re-
sult of this energy transferral can be very high voltages,
several times the terminal voltage, existing across the
inductance and capacitance within the resonant circuit.

o—W—T— 0

R L C

Figure 3.4.—Simple series RLC circuit for resonance.

IMPEDANCE (z), O

:':w
FREQUENCY {w), rad/s

Figure 3.5.—Plot of impedance magnitude versus frequency
for series RLC illustrating resonance.
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This situation can be the cause of some severe overvoltages
in mine power systems, and the concept will be explored
further in chapter 11.

The amount of energy stored, compared with that
dissipated by the resistance, is related to the shape of the
curve representing impedance magnitude, as shown in
figure 3.5. This curve is an example of a response curve.
The quality factor of a circuit is 2 measure of the sharp-
ness of the response curve and is expressed as a ratio:

maximum energy stored per period
total energy lost per period ’

Q, = 2= (3.14)

where the period is one complete cycle of the resonant
frequency. By finding the ratio of the energy stored in
either of the circuit’s reactive components to the energy
dissipated in the resistance, it can be shown that

reactance  w,L 1

Q= ot Pt

~ resistance R

(3.15)

The quality factor normally has greater application in the
communications aspects of electrical engineering than in
the power aspects. For instance, the width of the response
curve is also related to Q, and has great relevance to the
tuned circuits used in radio and television.

Parallel Resonance

The resonance of the simple parallel RLC circuit
shown in figure 3.6A is very similar to that just discussed.
This circuit is obviously idealized, but its performance is of
general interest. The admittance can be written as

. 1 . 1
Y=G+JwC+m=G+J(mC—E), (3.16)

and the circuit is in resonance when susceptance B is zero.
Hence, the circuit exhibits low admittance and high
impedance at resonance, while the series RLC circuit had
low impedance and high admittance:

1
oL = OorwC = oL

or Y =G

n

B=awC - {3.17a)

(3.178)

On the other hand, the resonant frequency is again

f = __..L_
o 211'(LC)1/2 o

The statements previously given for series circuits also
apply, except that current replaces voltage and voltage
replaces current.

This is an example of duality. Anything stated about
a series resonant circuit applies to its dual, the parallel
resonant cirenit, if each word in the left column below is
replaced by its opposite word shown in the right column:

Series Parallel
Veltage....ceonenns Current.
Impedance .......... Admittance.
Resistance........... Conductance.
Reactance ........... Susceptance.

Inductance.......... Capacitance.

Therefore, Q, of this parallel resonant circuit is the dual of
equation 3.15 or

susceptance _ w,C _ R
Q@ = conductance G oL’ (3.18)

The concept also relates to many fundamentals covered in
chapter 2. For example, two circuits are called duals if the
loop equations for one have the same forms as the node
equations for the other,

Because figure 3.6A is idealized (as actual inducting
elements must have associated resistance), figures 3.6B
and 3.6C are presented to show practical circuits that
exhibit parallel resonance.

TRANSFORMERS

Early in chapter 2, the concept of mutual inductance
was introduced. To review, Faraday found that a time-
varying current in one circuit would induce a voltage in a
nearby circuit. If the adjacent circuits are simply conduc-
tors and are labeled 1 and 2, as in figure 3.7, this
statement means that

* i, in circuit 1 produces v, in circuit 2,

* v, in turn causes i, to flow (if circuit 2 is part of a
complete loop), then

* i, induces v, in circuit 1.

These interrelated phenomena can be thought of as mag-
netic coupling between the two circuits, and it has been
shown that

di,

di
v, = legtgandvz = Lmd—t’

where L,, = L,; = M = mutual inductance, H.

R R
L c c C
L L
A 4 c

Figure 3.8.—Circuits that exhibit parallel resonance.

Flow of current
. causes rmagnetic
i field that cuts
other conductor

Magnetic flux lines

Figure 3.7.—Magnetic coupling between two conductors.



Because of the equality, M is used to represent mutual
inductance. These equations are true only for straight
wires, and magnetic coupling exists only if voltage and
current are time varying.

The circuits considered previously were loops or
meshes composed of passive and active elements, and
these were conductively coupled by common branches or
nodes. The following paragraphs develop the concept of
magnetic coupling further and introduce the fundamen-
tals behind one of the more important components of ac
mine power systems, the transformer.

Transformers are prime examples of magnetic cou-
pling. They are often desighed to optimize this coupling,
and their operation is based inherently on mutual induc-
tance. Transformers are employed to increase the magni-
tude of voltage for more economical power transmission or,
conversely, to decrease the level to provide voltage more
suitable for electrical equipment operation. In essence,
these changes can be made with either total isolation or
direct conduction between circuits.

Instead of straight conductors, assume that two coils
are situated side by side, and their magnetic action is
passing through any environment (fig. 3.8). The current in
coil 1 is then partly the result of self-inductance in coil 1
and mutual inductance from coil 2, and vice versa for coil
2. Expressed mathematically:

di di |
v, = (Ll-é% + Mf +..) (3.190)
ve= M +L s, (3.198)

where L,, L, = self-inductances of coil 1 and coil 2, respec-
tively, H,
and M = mutual inductance, H.

The additional terms implied by these equations exist only
if more than two coils (or circuits, or windings) are
interacting, and they are presented merely to make the
expressions more general.

The plus and minus terms of the equations deserve
special attention. Sign convention has been well defined
for inductors, and coil 1 and coil 2 are inductors when
taken individually. A current flowing into the coil pro-
duces an opposing voitage, hence the positive sign or
polarity. The potential created by mutual inductance, M,
however, cannot be treated in the same manner. This
voltage may have either positive or negative polarity
depending on the winding sense, the direction the coils are
wound with respect to one another. Consider the two coils
wound on a common core in figure 3.9A. They are wound
in the same direction and therefore have the same sense. If
a current is flowing into the top of the upper coil, the
voltage produced by this current adds to that produced by
the same current direction in the lower coil. But in figure
3.9B, the winding sense of the lower coil is reversed so that
the same current in the top coil now creates a voltage that
opposes the current produced in the lower coil. Therefore,
the polarity of mutual-inductance voltages can be found by
drawing physical sketches. However, this is impraetical in
circuit diagrams, and so magnetically coupled coils are
often marked with dots that represent the direction of
polarity. A dot is placed at the terminals of the coils that
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are instantaneously at the same polarity as a result of
mutual inductance. Thus, in figure 3.10A4, i, enters the
dotted terminal of L,, v, is sensed positively at the dotted
terminal of L,, and

di di

v, = L1~d% + f, (3.20a)
di dip

vo = MG+ L, 2. (3.200)

In analyzing circuits, it may be more desirable to reference
vy as positive at the undotted terminal of L,, as in figure
3.10B. In this case,

v, = — - M—==, (3.20¢)

!t dt
di, diy
ve = -M L, it (3.20d)

What is important is that, in either instance, the mutual
voltage is produced independently from that of self-
induction.

- Magnetic coupling

ip
—p

lvz Load

o—T1= o—2 1)
1= 1=
O R o——]
F——0 3 —0
—= 2 T 2
-0 0
I ) L ]
A A

Figure 3.9.—Demonstration of coil winding sense.
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Figure 3.10.—Dot convention for mutual inductance sign.
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The equations just presented are valid for any voltage
or current waveform. If the currents are sinusoidal and
have a radian frequency, w, transforms can be employed so
that for equations 3.20¢ and 3.20d,

V, = joL,I, - joML, (3.21a)

V, = —juMI, + juL,l,. (3.21%)
These relationships can be used to analyze circuits con-
taining magnetically coupled elements. It should be stated
that equations 3.20 and 3.21 relate only to the magneti-
cally coupled elements; equations for complete circuits
containing these devices will follow.

IDEAL TRANSFORMER

The level of mutual inductance, M, depends upon the
spacing and orientation of the coils and the permeability
of the medium between them. In other words, M is a
function of the magnetic flux linking between the coils.
More will be said about this phenomenon later in the
section. In figure 3.104, by comparing the power entering
L, of the circuit with that stored or available in L., it can
be proved from flux-linking concepts that

M = (L,L)"2. (3.22)
Consequently, M has an upper limit defined by the geo-
metrical mean of the two inductances involved. The ratio
of M to its theoretical maximum is called the coefficient of
coupling. This is by definition

M

{3.28)

where k can range from zero to unity. Coils having a low
coefficient of coupling are said to be loosely coupled. Here
the coils could be far apart or have an orientation such
that little magnetic flux interacts between them. Loosely
coupled circuits may have a k that ranges between 0.01
and 0.10. For tightly coupled circuits, such as air-core
coils, k can be around 0.5.

A power transformer is a device having two or more
tightly coupled coils or windings on a common iron core.
The coile are wound and oriented to provide maximum
common magnetic flux and can have a coefficient of
coupling very close to 1.00. The usual range is 0.90 to 0.98.
Resistance and other power losses are small. The winding
receiving power is called a primary; that delivering power
is called a secondary. In the circuit in figure 3.10, L, is the
primary and L, is the secondary. An ideal transformer is
an idealized form of transformer where k = 1 and losses
within the device are zero. Hence, an ideal transformer
can deliver all the power it receives. Many useful relation-
ships for real transformers can be obtained by assuming
the ideal transformer case.

The self-inductance of a coil has been shown to be
proportional to the square of the number of turns forming
the coil (N), provided that all the flux, created by the
current in the coil, links all the turns (see chapter 2,
“Inductance”). If a sinusoidal current, I, flows in a coil of
N turns, then the voltage produced across an N-turn coil
must be N times that caused in a 1-turn coil. Further, for

a sinusoidal voltage, V, which is constant across an N-turn
coil, the current allowed through must be 1/N times that
caused in a 1-turn coil. Both these statements can be
proved by magnetic field concepts, again assuming that all
magnetic flux produced in a coil links all turns. It follows
that for an ideal transformer with two windings:

L _Ni

L, = N_';? , (8.24)

N,
N.’ (3.25)

Ny
N (3.26)

where N,
N,
L,1,,V,

number of turns in primary winding,
number of turns in secondary winding,
primary winding inductance, rms cur-
rent, and rms voltage, respectively,
secondary winding inductance, rms cur-
rent, and rms voltage, respectively.

and L,, I, V,

For this two-winding arrangement, the voltage and cur-
rent can be complex sinusoids. The turns ratio of the
transformer, a, is defined as the ratio of the number of
turns in the secondary winding to the turns in the primary
winding:

Z

2 (3.27a)

a=-N—-1-

Hence, for an ideal transformer,

a=(_LI:;)1/2=&=I_1'

(3.27b)
2 V. L

In other words, the sinusoidal voltages across the primary
and secondary windings are in direct proportion to the
number of turns of the windings, and the currents are
related inversely to the turns. In addition, the last equa-
tion shows that the apparent power at the primary and
secondary windings is indeed equal:

VIII = Vle.

The magnitude of this power in voltamperes is specified
for the maximum allowable or rated capacity of power
transformers. :

Another useful transformer relationship can be deter-
mined through a demonstration of steady ac circuit anal-
ysis with magnetically coupled circuits. Consider figure
3.11A, where a sinusoidal voltage source, V,, with an
internal impedance, Z, (the combination is the Thévenin
equivalent for a source), is connected to the primary of an
ideal transformer. The secondary delivers power to a load
impedance, Z, . The vertical lines between the transformer
windings indicate that the core is made of iron lamina-
tions. The turns ratio above the transformer symbol, 1:a,
relates a convention of N, to N,.

A very useful relationship is the ideal-transformer
input impedance with the load connected, that is, the load
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Figure 3.11.—Demonstration of impedance transfer In
transformers.

that the source sees through the transformer. Loop equa-
tions can be used to solve the problem. Two loops, I, and I,
(both express complex currents), are available in the
circuit; the loops are magnetically coupled through the
transformer. Employing Kirchhoff’s voltage law for loop 1,

V. = LZ, + LjuL, - LjuM,
and for loop 2,
0 = -1juM + LZ; + LjoL.
M is again the mutual inductance. Notice that current
enters the dot of the primary and leaves the dot on the
secondary, making the sign of M negative. Rewriting these
into standard loop-equation form gives
V, = L@, + joL,) - LjuM,
0 = -IjuM + L(Z; + juLy).
Solving for 1,,
2M2
)

Va = Tl(zg + ijl) + il m‘f‘ .
L 2

Therefore, the impedance seen by the source, Z,,, is the
ratio of the source voltage to terminal current, or

v, , w®M?2
Z, = Tl— = Zg + jul, + 7 +ioly’
but M2 = L]L21
then Z. =7 + jwL oLyl
e in = Lg + july + 7y +jaly’

There must be total coupling between primary and sec-
ondary windings for an ideal transformer; thus, the self-
inductances, L, and L,, have no effect in the circuit, and
their value can be considered infinite. Notwithstanding,
the ratio is still finite, as specified by the turns ratio:

L2 = a2L1-
For this reason, primary and secondary inductances are

conventionally not specified on ideal transformers. When
this is related to the input impedance expression,

Zi, = Z; + juL, +
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or rearranging,

jolnZy

Z - . oy =
€ " Z +jwa’L,

in

Now allowing L, to tend toward infinity, the input imped-
ance for the voltage source becomes

=Z,+—=. (3.28)

Equation 3.28 is significant as it shows that the
source sees the load impedance, Z;, through the trans-
former as Z;/a% This means that an ideal transformer has
the capability to change an impedance magnitude. There-
fore, to assist in circuit analysis, the circuit in figure 3.11A
can be redrawn to its equivalent, shown in figure 3.11B.
Here, the impedance connected to the secondary is trans-
formed to the primary. Obviously, the reverse process,
primary to secondary, also holds, but the impedance is
multiplied by a®. The impedance angle remains constant
in either situation.

EXAMPLE 3.5

A 60-Hz single-phase transformer has a rated
capacity of 250 kVA and a turns ratio of 15:1.
Assuming that the transformer is ideal, find the
primary voltage if the secondary voltage is 480 V.
What are the magnitudes of primary and secondary
currents with these voltages applied and the trans-
former operating at full capacity?

SOLUTION. For the turns ratio of 15:1,

']
i
&l

As the turns ratio specifies the secondary voltage to
the primary,

and the primary voltage is
Vs
Vi = 7 = 15(480) = 7,200 V.

The primary current for 250 kVA at 7,200 V is

and the secondary current for 250 kVA at 480 V is

L _ 250,000
2= 480

= 521 A.
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EXAMPLE 3.6

Consider that the circuit shown in figure 3.11A4
has the following parameters:

Z,=6+j3Q,
Z;, =1+ j051Q,
V, = 7,200 V, 60 Hz,
Turns ratio = 12:1.
Find the value of the load impedance (Z; ) referred to
the transformer primary, the complex power at the
source, the transformer secondary voltage and cur-

rent, and the required transformer capacity.

SOLUTION. For the specified turns ratio,

Transferring the load impedance to the primary,

]

< = (12 + j0.5) = 144 + j72 Q,
a

which is the impedance referred to the transformer
primary. The total impedance seen by the source is
then

7y
Zog =2, + pel

=6 +j3 + 144 + j72 = 150 + j75 Q.

Assigning the source voltage as the reference pha-
sor, the transformer primary current is

1]
I, = Ve D200 o0 g66e A

The transformer secondary current is

= 12(42.9) -26.6°) = 515{—26.6° A,

w

1, -

and the secondary voltage is
V, = 1,Z, = (515|-26.6°X1 + j0.5)

or V, = (515| — 26.6°X1.12|26.6°)

576|0° V.

The complex power delivered to the load is then
S =V,L~
or S = (576/|0°X515(26.6°) = 296|26.6° kVA.

This may also be found from

S = I?Z, = (51571 + j0.5)
= 265 + j133 kVA

or § = 296/26.6° kVA.

Finally, the apparent power demanded by this load
is the required transformer capacity, 296 kVA.

ACTUAL TRANSFORMERS

In actual transformers, a source must furnish the
power dissipated by the secondary load plus the power
needed to operate the transformer. The additional power is
created from losses within the transformer circuit. The
transformer capacity, the amount of power it can handle, is
dependent upon the character of these losses, which are
dissipated as heat in the core and the windings. Because
excessively high temperatures are destructive to insula-
tion, the capacity is limited by this rise in temperature,
usually specified as an allowable temperature rise above
ambient conditions.

The major losses in an iron-core transformer are
winding resistance (conductor loss), leakage reactance,
eddy-current loss, and hysteresis loss. This section will
expand upon the ideal-transformer concept to produce a
transformer equivalent cirenit that accounts for these
losses and is a good approximation for real-world trans-
former performance under any condition.

Conductor Loss

As the conductors used for the transformer windings
have resistance, current flowing in the primary and sec-
ondary produces an IR power loss that creates heat. The
loss is minimized by conductors with larger cross sections,
but if the resistance is too large to be neglected, primary
resistance, R,, and secondary resistance, R,, can be placed
in series with the ideal-transformer windings as shown in
figure 3.12.

Leakage Reactance

For the ideal transformer, all the flux produced by the
primary must link with the secondary winding. In the real
world, however, a small percentage of the total flux pro-
duced fails to link all the secondary turns; this is called
leakage flux. Leakage flux can be reduced by placing the
primary and secondary windings very close together, per-
haps interleaving them. Further reduction comes from

Figure 3.12.—Ideal transformer with winding resistance in-
cluded.



winding the coils tightly on the core and providing a short
magnetic path between them, thus creating a low-
reluctance path between the coils. Nevertheless, even with
the best transformer designs, leakage is significant and
cannot be neglected.

Inductance is the ratio of flux linkage to the current
producing the flux, or

Nd¢
L= &I (3.29)

where d¢ = magnetic flux, Wb,
Nd¢ = flux linkage of circuit, Wb,
and di = current producing flux, A.

For transformers with iron or ferromagnetic cores, current
and flux do not have a linear relationship, and differen-
tials must be used. Consider the time-varying primary
current, i, in figure 3.13A, where the changing current
produces the magnetic flux, ¢,, and

N,d¢,
= —0. 3.30
Ll d.il ( a)
The part of ¢, that links the secondary is ¢,,; that which
only links the primary (or is lost in terms of magnetic
coupling) is ¢ ,, where

$1 = 12 + ¢y (3.308)
_ Nyd¢ys  Nidéy,
and L, = a, - di, (3.30¢)

Figure 3.13.—Accounting for transformer leakage flux.

€9

Similarly, although not shown in the figure,

_ Node,
L, = mdiz , (8.31a)
by = Gay + Grg, (3.31b)
L, = de.¢21 . de_d’Lz‘ (3.310)

di, di,

Interestingly, the coefficient of coupling is also related to
flux by

=

12 _ P2
k= —%=-""". 3.32
b ¢ (3.52)

The first term in equations 3.30¢ and 3.31c is the
transformer mutual inductance, and the second terms are
the primary and secondary leakage inductances, L;,; and
L, ., respectively, or

M = Naddis _ Npdes, (3.330)
di, di, °’ ’
N,d
| ‘d—::“, (3.33b)
N.d.
Ly = 2(1—;:"*2. (3.330)

These equations hold for effective sinusoidal current. In
steady ac analysis, the leakage inductances become leak-
age reactances; hence, flux leakage can be represented as
an inductance or reactance. Figure 3.13B shows the addi-
tional elements that bring the transformer model closer to
a practical transformer.

Core Losses and Exciting Current

Even with the addition of winding resistance and
leakage reactance, equation 3.27b for an ideal transformer
still applies and can be rewritten as

I, = al,.

Examination of this expression suggests that whenever I,
is zero, [, must be zero. Yet, if an actual transformer
primary is connected to an ac source and the secondary is
left unconnected (fig. 3.14), the primary current will exist,
albeit very small. Even though the secondary is open and
I, is zero, V, appears across the secondary winding as a
sinusoid. This implies that a changing flux in the trans-
former core must be produced by the current in the
primary, as no other sources of changing flux are avail-
able. The portion of primary current that produces the
changing flux, called magnetizing current, i,,, can be
accounted for by adding an inductor, L,, in parallel with
the ideal-transformer primary winding.
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The changing flux also induces small currents, eddy
currents, in the transformer core material. These have an
almost infinite number of closed paths and encircle prac-
tically all the flux. Since the transformer core has electri-
cal resistance, the result is heat in the core and attendant
power loss. These eddy currents flow at right angles to the
magnetic field, as illustrated in the core cross section of
figure 3.15A. The resistance along the eddy-current path
is approximately proportional to the path length. Obvi-
ously, if the path length is decreased, the power dissipated
in the eddy-current loop will drop. Figure 3.158 shows the
core split lengthwise with a nonconducting layer between
the two halves. The result is a desirable decrease in power
loss to about two-thirds of the original power. In practice,
transformers are laminated from several thin sheets of
steel. Each sheet is sometimes covered with varnish to act
as an insulant, but in most cases the oxide layer on each
steel sheet is sufficient to produce the necessary high-
resistance layers. This can substantially reduce eddy cur-
rents but cannot completely eliminate them.

As shown in figure 3.15C, energy is also dissipated in
the transformer core each time a hysteresis loop is tra-
versed. The energy is proportional to the area enclosed in
the hysteresis loop and is called the hysteresis loss of the
‘transformer core. In simple terms, the effect is related to
the fact that the core retains some magnetism, and a
coercive force is required to overcome this residual mag-
netism each time the ac current reverses. The loss is due to
retentivity or molecular friction.

Both eddy-current and hysteresis losses are propor-
tional to frequency and become a major consideration in
high-frequency transformer applications. However, these
core losses can be satisfactorily approximated at one
frequency and one voltage. Good examples are 60-Hz
power transformers where neither frequency nor voltage
(actually, magnetic saturation of the core) changes drasti-
eally in normal operation. To account for these losses, a
resistance, R,, is again placed in parallel with the ideal-
transformer primary. The sum of the currents through R,
and L, is called exciting current, 1,, and the total carrent
drawn by the source when the transformer is supplying
power to aloadis I, + L,

It should be noted that with sinusoidal input voltage
to the primary, the exciting current is not a sinusoid but
exhibits many harmonic frequencies because of the
greatly varying permeability of the transformer core.
However, for most purposes it may be assumed as a
sinusoid with the same rms value.

The equivalent circuit shown in figure 3.16 now
contains all the components necessary for it to be a useful
model of a practical transformer. In summary, the impor-
tant parameters for an equivalent circuit are

¢ R,, primary conductor resistance,

* R, secondary conductor resistance,

e L, ,, primary leakage inductance,

* L. ., secondary leakage inductance,

¢ R, a resistance accounting for eddy-current and
hysteresis losses,

* I, an inductance accounting for magnetizing cur-
rent, and

¢ An ideal transformer with turns ratio, a = N,/N,.

im = Magnetizing current

Figure 3.14.—Transtormer magnetizing current.

Eddy-current  Eddy-current Ener
gy
/__ poth path > Fhx ___dissipated
+ 1+ o in core
o—E= 1)
.. B . + +
P Nonconducting | [+ + + Magnetizing
layer rr * force

Eddy-current path
A B [

Figure 3.16.—Eddy current and magnetic hysteresis
creating power loss in core.

Figure 3.16.~Equivalent circuit of practical transformer.

Notice that mutual inductance, M, does not appear in the
model since it is represented by the turns ratio of the ideal
transformer.

Power-Transformer Construction

The two most widely used transformer types are the
core and the shell. In shell construction, both primary and
secondary windings are placed on an inner leg of the core.
The windings are constructed in layers with an insulating
barrier between them, forming a very low-leakage flux. In
core construction, the primary and secondary windings
are located on separate legs, thus providing maximum
isolation between the coils. Both constructions are
sketched in figure 3.17.

A copper or aluminum conductor is employed to
construct each winding, which can have the form of an



insulated wire with circular or rectangular cross section,
or an uninsulated wide metal sheet. The insulated wire is
continuously wound in layers, with each layer separated
by a sheet of insulating material. With sheet-metal wind-
ings, the conductor is wound simultaneously with a con-
tinuous sheet of insulating material so that each adjacent
conductor turn is separated by the insulation. The sheet
metal is the same width as the transformer winding, and
the insulation sheet is slightly wider.

Each winding is given & rated capacity, a rated
current, and a rated voltage. These ratings depend upon
the number of turns in the winding, the magnetic inter-
action with other windings, the current-carrying ability of
the conductor, as well as the ability to dissipate heat
through the insulation to the environment surrounding
the winding. It should be obvious that the rated capacity,
current, and voltage are mathematically related.

Transformer Models

Since voltage regulation, efficiency, and heating are of
prime importance in mine power systems, detailed power-
transformer analysis requires consideration of the com-
plete equivalent circuit as shown in figure 3.16. However,
because the exciting current, I, is normally very small
compared with load current, I,, a further approximation
can be made by placing R, and L, at the transformer input
terminals (fig. 3.18). This medification now allows the
secondary winding resistance and leakage inductance to
be transferred to the primary circuit (fig. 3.19) and com-
bined with the primary elements. For many purposes, the
exciting current is so small that R, and L, can be removed
from the model. Figure 3.20 provides this last simplifica-
tion, where the winding resistance and leakage reactance
are said to be referred to the primary, and

Ly

R = Rl + %}z andLL = LL}. + ? (334)

The primary is sometimes called the high side if its
winding has a greater voltage rating (or more turns) than
the secondary. The secondary is then called the low side.
The terminology is reversed if the secondary has the
higher voltage. In steady ac analysis, the inductance
becomes a reactance, X, and

R=R, + %and X = oLy, + %L; ,  (3.35a)

with the primary impedance simply

Z =R + jX,. (3.350)
If desired, the primary impedance can be moved to the
secondary of the ideal transformer (thus, referred to the
secondary) by multiplying both terms by aZ.
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Primary

Secondary Primary

Secondary

%
Core Core

Core construction Shell construction

Figure 3.17.—Common power-transformer construction
techniques.

Figure 3.18.—Movement of exciting components to input.

Figure 3.19.—Transfarring secondary components to
primary.

Figure 3.20.—Final simplification of practical circuit model.
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EXAMPLE 3.7

A two-winding transformer has a rated capacity,
primary-winding voltage, secondary-winding volt-
age, and frequency of 100 kVA, 2,400 V, 240 V, and
60 Hz, respectively. The primary-winding imped-
ance is 0.6 + jO.8 , while the impedance of the
secondary winding is 0.006 + j0.007 Q. The trans-
former is being used at the end of a feeder to step
down voltage to a load. The feeder impedance is 0.05
+ j0.1 9, and the load is 0.3 + j0.4 Q. Find the
magnitude of the voltage across the load if the
voltage at the source end of the feeder is held
constant at 2,400 V.

SOLUTION. As core-loss and magnetizing-current
elements are not given for the transformer, they
must be assumed to be negligible, with the trans-
former model being as shown in figure 3.20. The
turns ratio is 1/10, and the transformer impedance
is (equation 3.35)

. . X
Zx= Ry + 3%, + 3 + 37

0.005  .0.007
/102 ¥ 1oy

0

0.6 + jOo.8 +

L1 +jl5q

The load impedance transferred to the primary is

Z, 03 +j04

S03 4004 o0 00,
a® = (U10P +J

and the total impedance at the source end of the
feeder is

Z
zeq=zf+z.r+a—§

0.06 + 0.1 + 1.1 + j1.6 + 30 + j40
31.15 + j41.6 = 51.97|53.2° Q.

The magnitude of current from the source is then

which is also the current through the transformer
primary. Therefore, the magnitude of voltage across
the primary is

V=1 % | = 46.18(50) = 2,309 V,

and that across the secondary and the load is

Determination of Transformer Parameters

Two tests can provide the necessary elements for the
transformer model in figure 3.19, where the exciting
current components are at the primary terminals, and
secondary parameters are referred to the primary.

The first test, the open-circuit or excitation test, is
used to find the exciting-current components. The second-
ary of the transformer is unconnected. Rated voltage at
rated frequency is applied to the primary winding, and a
wattmeter (see chapter 5) is employed to measure the
power, P_, delivered by the source. An ammeter is used to
measure rms exciting current, I, (fig. 3.21A). The power
corresponds to the core loss; in other words, P, is dissi-
pated by R,. R, can be found by

V2
=, 3.36
R.= 3 (3.36)
where V = rms applied voltage, V,
P, = measured average power, W,
and R, = core-loss resistance, {1.

From the rms value of I, assuming exciting current to be
a sinusoid, the input admittance of R, and L_ in parallel
can be calculated from

IQ
Y, = v (3.37a)
Realizing that
1 1
Y. =+ —, 3.37b
* TR YL, (38780

the component accounting for magnetizing current, L,
can be obtained from

1 Ie2 1 v
oL, - (V2 R;) : (8.87¢)
where I, = measured rms value of exciting current, A,

w = 27f = applied frequency of source (must be
rated frequency of transformer for exact
results),

and L, = magnetizing inductance, H.

Therefore, both R, and L, can be determined from the
open-circuit excitation test.

The second test is projected at winding resistance and
leakage resistance, with both primary and secondary

£ Short circuit

A Open circuit

Figure 3.21.—Transformer parameter test series.



values combined. This is termed the short-circuit or im-
pedance test. Here, the secondary terminals are short-
circuited and a source is connected to the primary. Voltage
at rated frequency is applied to the transformer but at
reduced amplitude, so that it produces only rated current
in the primary winding and, thus, rated current in the
secondary. Current, I, and input average power, P, are
again measured.

The applied voltage for the test is typically much
smaller than rated voltage. Yet the short-circuit (actually,
rated) current is much greater than the exciting current,
so I, and the associated components can be neglected. As
given by figure 3.21B, the equivalent circuit under these
conditions can be simplified to a simple series RL combi-
nation. The ideal transformer is not needed because the
zero load impedance (short circuit), when transferred to
the primary, is still zero. Winding resistance and leakage
inductance can thus be found from

P
R == (3.38)
Vzac 2\1/2
and wly, = (I2 - R, (3.39
where P, = measured average power, W,
I.. = measured rms short-circuit current, A,
V.. = applied rms short-circuit potential, V,
w = 2#f = rated frequency, rad/s,
R = primary and secondary winding resistance,

2,
and L = primary and secondary leakage inductance,

It is important to note that these values are valid only
for the frequency under which the tests are made. Further,
it is neither possible nor necessary to break the resulting
components into primary and secondary elements.

Transformer Efficiency and Regulation

The transformer is designed to be a highly efficient
device. However, the output power of a transformer is
always less than its input power because of winding
conductor losses and core losses. The term efficiency is
used to measure the ability of a transformer to transfer
energy from the primary circuit to the secondary circuit.
The efficiency is defined as the average-power ratio:

(3.400)

Pin — losses _ P
P, “ P, + losses

in o

or n = (3.400)

The ratio is always less than 1 but normally in the range
n = 0.95 to 0.98. Efficiency decreases when the device is
operated above or below its voltampere capacity.

Voltage regulation is a characteristic of power systems
that describes the voltage fluctuations resulting from
varying load or current conditions. Voltage regulation is
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often applied to transformer secondary-voltage variations
and is defined as

YL"LV'—VFL (100%), (3.41)

FL

VR. =

where Vg, = transformer output voltage at full rated
secondary current and rated primary volt-
age, V,

and V. = transformer output voltage with no second-
ary load but rated primary voltage applied,
V.

Ve and Vo are also called the fullload and no-load
voltages, respectively. It should be clear that voltage
regulation is a function of transformer losses, impedance,
and efficiency. The concept is extremely important in mine
power systems as it often limits how far a mine can be
safely expanded from one power source.

EXAMPLE 3.8

For the circuit shown in figure 3.22, find the
complex power consumed by the transformer load,
Z;. If the figure represents the full-load condition,
what is the voltage regulation at the transformer
secondary? The transformer is considered ideal.

SOLUTION. The impedance seen by the 5,000-V
source is

N
1

. Z
eq =1+l + ;—f.;
0.1 + ;0.1)
(1/10)®
11 + j11 = 15.56]45° Q.

1+31l+

Using the source voltage as the reference phasor, the
current delivered from the source is

= _ 5000[0°

= = — ©
= T8 56/45 821.2|—46° A,

and the transformer secondary current is

L= % = 10(321.3| - 45°) = 321.3| —45° A.
10 10 49 I
5,000V Iy — — .
‘GOHzT V]T ” TVZ Z =01+j01n

Figure 3.22.—Clircuit for example 3.8.
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The voltage across the transformer secondary is

V, = L7, = (3,213 - 45°X0.141|45°)

454.4/0° V,

L]

and the complex power delivered to Z,, is
S. = V, ;* = (454.4/0°X3,213|45°);

therefore, 8. = 1.46/45° MVA.
If the above situation represents the full-load condi-
tion, then

Ve =V, = 4544V,

Under no-load conditions, the load impedance be-
comes such a high impedance that the transformer
secondary current approaches zero. With no second-
ary current, current to the primary of an ideal
transformer is also zero. Therefore, the voltage
across the primary is equal to the source voltage or

V, = V, = 5,000 V.
The secondary voltage becomes

_ 5,000

Vy=aV, == =500V

Consequently, V. =V, =500V,

and from equation 3.41,

500 — 454 100) = 10%.

V.R. = 454

AUTOTRANSFORMERS

All the transformers discussed so far have been two-
winding transformers and have provided electrical isola-
tion between the primary and secondary windings. An-
other type of transformer, the autotransformer, uses a
single winding and does not provide electrical isolation. It
is constructed from a continuous winding with a tap
connected at a specific point. The autotransformer is
compared with an ideal two-winding transformer in figure
3.23. The advantages and disadvantages of each type of
transformer can be illustrated with reference to figure
3.24, where a normal two-winding transformer is shown
on the left and is connected to operate as an autotrans-
former.

The two-winding transformer has the following spec-
ifications:

N,, V,, I, = primary turns, rated rms voltage, and rated
rms current,
N,, V,, I, = secondary turns, rated rms voltage, and
rated rms current,

and the maximum apparent power that can be delivered to
a secondary load is

S, = Vol,.

out
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Figure 3.23.—Comparison of two-winding transformer (A)
and autotransformet {B).
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Figure 3.24.—Two-winding transformer as an
autotransformer.

To help visualize the autotransformer action, figure
3.24A is redrawn in figure 3.24B with both windings
placed on the same side of the core symbol. For either
figure, the output voltage, V,', is now

Vo =V, +V,

Transformer rated output current, I,, is still related to
rated primary current, I;, by

I, = al,,
but input current to the autotransformer is now
I'=1, + L,

The maximum power that can be transferred to a load at
rated output current, I, is now

Sout = V'L + V.1, + VL.

This expression indicates that the transformer is now
able to deliver an increase of V,I, voltamperes over the
two-winding connecticn, yet the transformer windings are
still within rated currents and voltages. The reason for the
increase is that some input current is transformed by the
transformer while the rest is conducted directly to the
load. This is the main advantage of the autotransformer
over two-winding arrangements. Because primary current
is now only a portion of load current, conductor losses in
autotransformers are particularly small, and voltage reg-
ulation under varying load conditions is usually good.

MULTIVOLTAGE TRANSFORMERS

The transformers considered so far have had only one
secondary, but in practice many have two or more second-
ary windings. The transformer with two secondary wind-
ings in figure 3.25A is able to serve loads with different



voltage requirements from one source. In such devices the
magnetic interaction increases substantially over the two-
winding variety because mutual inductance exists be-
tween all winding combinations. Taking this into account,
the preceding theory can be expanded to model an equiv-
alent circuit.

Another method for one transformer to serve several
voltage applications is to have winding taps on the pri-
mary (fig. 3.25B), the secondary (fig. 3.25C), or both. When
used on the input winding, a higher tap can be selected to
account for voltage drops in the circuit that delivers power
to the transformer, thus maintaining a desired output
voltage. This ie a common practice in mining. A special
but very widely used application for secondary taps is in
utility distribution transformers suppiying 240- and 120-V
ac service. Here, the winding is center-tapped with equal
turns on either side. The voltage magnitude from either
line to the tap is 120 V, and across the total winding, 240
V is available.

CURRENT AND POTENTIAL TRANSFORMERS

The prime use of transformers in mine power systems
should now be apparent: to supply power at different
voltage levels to system portions and equipment. Trans-
formers are also used extensively to power control circuits,
mainly to provide power for circuit breakers and associ-
ated circuitry; to power protection devices, usually relays
to trip circuit breakers; and for instrumentation. Trans-
formers employed for these applications are often given
specific names: potential transformers (PT's) and current
transformers (CT’s). PI's are merely high-quality two-
winding transformers with or without taps. The name is
modified because they are used to sense voltage.

The current supplied to relays, instruments, and sim-
ilar equipment is normally provided by CT's. Some CT’s
are like the two-winding devices that have just received so
much attention. These have a primary with just a few
turns of high-current-capacity conductor and a secondary
with numerous turns, as illustrated in figure 3.26A. The
turns ratio (N,/N,) is normally adjusted so that the
secondary supplies 5 A when full-load current flows in the
primary. The primary is placed in series with the circuit
that is to be measured, and therefore, C'I"s can be consid-
ered as sensing current.

Two-winding CT’s for high-voltage or high-current
circuits, such as those usually found in mine power sys-
tems, are very expensive, and as a result bushing-type or
donut CT’s are more often used. In figure 3.26B, the
conductor to be measured passes through a large-diameter
ring-shaped laminated iron core and acts as the trans-
former primary. The secondary winding, which consists of
several turns about the core, supplies current as before.
The leakage reactance of this type of CT is obviously high
and, coupled with other parameters, results in a low
accuracy for current measurements. A schematic illustrat-
ing hypothetical placements of a PT and a CT in a simple
circuit is provided in figure 3.27.

PT’s and CT's are important components in instru-
mentation and protective circuitry for mine power sys-
tems. Their application for instrumentation is presented
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Figure 3.25.—Examples of transformers for multivoltage ap-
plications.
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Figure 3.26.—Two types of CT's.
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Figure 3.27.—Examples of CT and PT placement in circuit.

in chapter 5, while chapters 9 and 10 cover their use in
protective relaying.

The purpose of the foregoing two chapters was to cover
many of the basic theoretical aspects behind mine electrical
systems. The content was directed towards de and single-
phase ac, and spanned fundamental electrical phenomena,
the experimental laws and parameters, dc and ac circuit
analysis, and finally, power transformers. Comprehension of
these laws, parameters, and concepts is essential for the
understanding of subsequent chapters. This will be very
apparent in the next chapter, which introduces power-system
concepts and three-phase circuit basics.
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CHAPTER 4.—POWER-SYSTEM CONCEPTS

Power systems can be simply described as systems
that transmit power from a source to the loads. For the
mine, the source is often the secondary of a substation
transformer and the loads are motors on mining machin-
ery and ancillary equipment. The transmission of power is
commonly performed by three-phase systems, which are by
nature more complex than the dc and single-phase ac
circuits introduced in the previous two chapters. The
following sections are primarily concerned with three.
phase power systems plus the basic tools and special
mathematics needed to study them. Several references are
provided at the end of the chapter. As most information is
considered common electrical engineering knowledge, spe-
cific references are seldom cited but can be found in the
bibliography.

BASIC POWER CIRCUIT

Many power systems or system segments can be reduced
to the simple series circuit shown in figure 4.1. This familiar
single-phase ac circuit consists of a source or supply voltage,
an impedance, and a load or receiver voltage. Such a repre-
sentation is often called the Thévenin’s equivalent of the
power system. Finding the series circuit may involve many
simplifying assumptions or procedures, some of which are
yet to be covered, but the result has numerous applications
for analyzing the behavior of electrical power systems.

One specific example is analysis of voltage regulation.
Here, the source voltage is kept constant, and variations of
the load voltage are observed with a range of load-current
conditions that cause a change in voltage drop across the
impedance. Applying this example to an underground coal
mine, the source could be the secondary of a power-center
transformer, the impedance could be that of the trailing
cable, and the load might be the motors of a continuous
miner. On a larger scale, a substation output voltage, a
feeder cable, and power-center primary voltages could
constitute a desired Thévenin's equivalent for analysis.
Both these situations are illustrated in figure 4.2. As the
chapter unfolds, more applications will become apparent.

Actual analysis of the basic power circuit (fig. 4.1) can
use any applicable technique already given in chapters 2
and 3. For instance, employing the impedance domain and
Kirchhoff’s voltage law yields

V,.-Z2-V.=0 @.1a)
or V,=V,_+1z @.18)
and Vo=V, -1z .10

Any variable or constant in these equations can be a
complex expression. Nevertheless, the equations describe
the performance of the power system that the circuit
represents, that is, the source voltage for a specific load
current and load voliage, and so forth. When three-phase
systems are involved, the solution or even the finding of
the equivalent circuit must also utilize the additional
methods that follow.

THREE-PHASE CIRCUITS

The term single phase has been applied to ac
systems where power is delivered from a single sinusocidal
source. When power is transmitted to a load by applying
two or more sinusoidal sources with fixed phase differ-
ences, the power system is called polyphase. The most
popular system that delivers large quantities of power,
including both single phase and polyphase, is the three-
phase system.

The analysis of three-phase circuits can be extremely
complicated. Special techniques have been developed to
assist in general problem solutions, but even so, the work
can be cumbersome. However, three-phase systems are
purposely designed to be balanced, and if actual differ-
ences existing among phases can be neglected, the analy-
sis of three-phase circuits can be almost as simple as
analysis of single-phase circuits.

BALANCED THREE-PHASE CIRCUITS

Balanced three-phase power consists of three gener-
ated voltages, each of equal magnitude and frequency but
separated by 120°. When these voltages are applied to a
system of balanced impedances, balanced currents result.
In other words, a balanced three-phase power system can
be divided into three portions. Any voltage or current in
one portion has a counterpart in another portion, which is
identical but 120° out of phase.

IS R XL I_l-.
A‘,A Y'Yy
+ Z +
Source or ™y, v Load or
supply  \./ L\_/ receiver
Figure 4.1.—Baslc power c¢ircuit.
Continuous
miner
Load Trailing cable
center
SOURCE IMPEDANCE LOAD
Feeder cable
Substation Load
center
SOURCE IMPEDANCE LOAD

Figure 4.2.—Applications of basic power circuit.



To illustrate this voltage generation, consider the
elementary three-phase generator illustrated in figure
4.3A. The armature consists of three single stationary
conductors displaced by 120°, and a magnetic field struc-
ture rotates counterclockwise within. As the rotating
magnetic flux cuts each winding, a voltage is induced.
These voltages are out of phase with one another, as shown
in figure 4.3B. A composite of these instantaneous volt-
ages is provided in figure 4.3C to exemplify the phase
relationships, which also can be clarified with phasors (fig.
4.3D). It can be noted with either representation that the
voltage in winding aa’ reaches a maximum first, followed
by bb’, and then c¢’. This defines the positive sequence,
abcab. . ., that is evident from the counterclockwise ro-
tating phasors of figure 4.3D. If the phasors are allowed to
rotate in the opposite direction (clockwise), the sequence
termed negative (cbacha . . ).

An outstanding advantage of balanced three-phase
systems is that they provide a more uniform flow of energy
than single-phase or even two-phase systems. The 120°
timing means that the individual power waves in each
phase never reach zero at the same time, and more
important, the total instantaneous power from all three
phases remains constant. For three-phase motors, this
translates to convenient starting, constant torque, and low
vibration. It would seem logical that if three phases
provide a substantial increase in operation efficiency, more
equally spaced phases would result in even greater im-
provement. However, three-phase systems are generally
more economical than other polyphase systems because
the complications caused by additional phases offset the
slight efficiency increase.

A source supplying these three-phase voltages is nor-
mally connected in either delta or wye. As shown in figure
4.4, either configuration can, in practice, be closely ap-
proximated by ideal voltage sources or in some cases by
ideal voltage sources in series with small internal imped-
ances. Three-phase sources always have three terminals,
which are called line terminals, but may alsc have a fourth
terminal, the neutral connection. These terminals produce
three separate potentials between any two line terminals
that are called line-to-line voltages. Also generated are
three separate voltages between each line terminal and
the neutral, be it a direct connection as in figure 4.4 or
some imaginary neutral point. These are termed line-
to-neutral potentials.

Three-Phase System Voltages

Line-to-line voltage can be considered as a condition
existing between two phases, while line-to-neutral is a
condition for one phase only. Obviously, interrelationships
must exist between these two voltage notations, as well as
among the voltages of one notation. The wye-connected
source of figure 4.5A can be employed to demonstrate the
correspondence. o o

If the line-to-neutral voltages, V,,, V, ., and V,, are
positive sequences and the phasor of V. is taken as
reference, then V,, and V,, are related to V by

Ven = Vau[=120°,V =V, [-240°, (4.20)

or Vin = Vil +120° = V| —120°. (4.2b)

77

T 00 o
Single conductor 240
armature winding

£ Individual waveforms

Vec!
120°
1207
é o> Vad

£ Voltage phasors

A Generator

<\

b
120° 120°
¢ Combined woveforms
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Figure 4.4.—Three-phase voltage sources.
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Figure 4.5.—Wye-connected source demonstrating line-to-
line and line-to-neutral voltages.
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Equations 4.2¢ and b relate that if a specific phasor
representing one phase voltage is rotated 120°, it is
identical to the phasor for another phase. By Kirchhoff’s
voltage law, the line-to-line voltage is equal to the sum of
the two line-to-neutral voltages; for instance, between
phases a and b,

Vab = Van + Vo (4.30)
but Voo = = Vi
and Vi = V.| =120%
hence, Vab = Van — Vool —120° 4.3b)
or Vo = V3 V,.|+30°. (4.3¢)

Equation 4.3c¢ is truly significant because it states the
relationship between line-to-line and line-to-neutral volt-
ages for balanced three-phase systems. In particular, the
following can be extracted:

|vabl = |Vbcl = |Vac|

=V3 |Vl = V3|V = VBV, (4o
and IVanl = |Vbn| = |V¢:nI
1 1 1

=75 Vel = 5 Ve | = 5 Vel 440

It is important to note that, in addition to the foregoing
identities, for a balanced three-phase system,

Van + Vo + V=0 4.5a)

and Vo + Vo + V. = 0. (4.5b)

A phasor diagram illustrating all line-to-line and line-
to-neutral voltages of these systems is given in figure 4.5B.
Here the correspondence by equation 4.3c¢ is apparent.

The reasoning used for voltages can be applied to
currents, and this will be handled shortly.

Load Connections

Ag with sources, balanced three-phase loads can be
connected delta or wye. However, the interest in three-
phase circuits comes from how delta or wye sources supply
power to delta or wye loads. The usual combinations or
systems are

Four-wire, wye to wye;
Three-wire, wye to wye;
Three-wire, wye to delta;
Delta to delta; and
Four-wire, wye to delta.

By analyzing each combination, certain advantages and
disadvantages can be seen, and some important points
about balanced three-phase systems can be gained. For
purposes of discussion, the lines connecting sources to

loads are assumed to have no impedance, although obvi-
ously, in the real world, they must have impedance.

Figure 4.6A shows the first arrangement to be consid-
ered, the four-wire wye to wye. The source here could be
either a generator or the secondaries of an ideal three-
phase transformer, and the load, Z,, Z,, Z_, could be a
motor. These conductors are connected between the source
line terminals and the load; the fourth conductor, the
neutral return (or just simply, the neutral), connects the
neutral of the source to the common junction of the three
load impedances.

For perfect conditions, the generation is balanced,
distribution impedances per phase (again assumed zero
here) are equal, and the load impedance in each phase
circuit is _identical. Hence, the magnitude of the line
currents, I, I,, and I, must also be equal. By Kirchhoff’s

)

( Neutral return

A 4-wire wye-to-wye

9 .
e 1

Zop e
Tcb Zuc
e, Zeo

£ Delta- fo- delta

Figure 4.6.—Balanced three-phase load connections.



current law and the 120° displacement of the three line
currents, the neutral-return current must be

L+, +L =0 4.6)

which means the neutral conductor actually carries no
current under this ideal situation. Furthermore, there will
be no voltage drop across the neutral, no matter what the
neutral impedance is. In other words, the potential at the
neutral of the source equals that of the load.

If the neutral carries no current under balanced
conditions, what purpose does it really serve and can it be
removed? Consider figure 4.6B, a three-wire wye-to-wye
system, which does not employ the neutral conductor.
Although this system is used in some applications, prob-
lems can arise, and the role of the neutral conductor is to
minimize these problems.

In the real world, no balanced three-phase system can
be perfect, and the sources, the distribution impedances,
and the loads can easily become unbalanced, that is,
unequal from phase to phase. The result is unbalanced
currents and voltages. For example, without the neutral
conductor, the neutral of the source will not equal the load
neutral, and the resulting load unbalance will produce
unequal voltages across the loads, no matter how balanced
the source. Under this condition, & mining machine motor
is likely to deteriorate and the result will be maintenance
problems. In addition, safety problems can abound as a
result of the unequal neutral potentials alone. Chapter 7
will investigate many of these problems in detail.

It is apparent that the neutral conductor does serve a
vital role in actual three-phase power systems. Its size and
current-carrying ability do not need to match those of the
phase conductors in order to provide the necessary func-
tion. In a properly operating power system, normal condi-
tions do cause some neutral current, but this is usually
very small compared with the phase current. Hence,
neutral conductors could be small if they were based only
on the size of the neutral current, but in mining applica-
tions, this is not the only criterion. Possible system mal-
functions must also be taken into account, and these will
be discussed in a later section on unbalanced three-phase
circuits.

A three-phase load is more likely to be delta connected
than wye connected. The three-wire wye-to-delta system,
shown in figure 4.8C, is an example of this arrangement.
The prime advantage is that under unbalanced load
conditions, the source will deliver power proportionately
to each load. Hence the delta-connected loads need not be
precisely balanced